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     Abstract−− The output behavior of a nonlinear
control system depends not only on its input but also
on its initial conditions.  These two factors have to be
considered simultaneously in nonlinear systems de-
sign.  This paper presents a new definition, called
dynamic right factorization, for nonlinear dynamic
control systems.  This factorization takes the initial
conditions as well as the system input into account.
Coprimeness and fundamental properties of dynamic
right coprime factorization are investigated.  Its rela-
tions to the system observability and the observer
design problem are discussed.  An example is given
to illustrate the procedure of obtaining the dynamic
right factorization and designing an observer for a
given nonlinear dynamic system.

     Keywords −− nonlinear system; initial condition;
right coprime factorization; observer.

I. INTRODUCTION

     In the operator-theoretic approach to the study of
control systems, a system Σ is considered as a mapping
P from its input space U to its output space Y, i.e.,

.: YUP →Σ  P is called the input-output mapping of Σ.

Since most control systems are dynamic systems whose
output behavior depends not only on its inputs but also
on its states, thereby relying on the initial conditions of
the systems.  Precisely, the mapping of a dynamic sys-
tem should be defined from a Cartesian space

YUX to0 × , i.e.,

yux

YUXP

a),(

:

0

0 →×Σ
        (1.1)

where 0X  is the linear space of initial states associated
with the system.
     Initial states are considered, even in linear control
systems, and are manipulated independently of system
inputs.  For linear control systems, by the linearity, we
have

),0()0,(),( 00 uPxPuxP += = )()( 0 uGxT + , (1.2)

where the operators T and G are defined by
)0,()(;: 000 xPxTYXT =→  and .;: YUG →  =)(uG

),0( uP .  Equation (1.2) implies that the effects of 0X

and U  can be separately considered.

     For a nonlinear control system, however, this sepa-
ration does not hold in general.  In the nonlinear case,
more often than not, the initial state and the input have
to be considered simultaneously.   It is inappropriate to
fix the initial state in the design and analysis for a non-
linear control system, since the dynamic behavior of a
nonlinear system strongly depends on its initial condi-
tions.  For example, the systems may be stable for initial
states within a set of the initial space 0X , but unstable
elsewhere.
     In the operator-theoretic approach to control systems,
coprime factorization is one of the existing efficient
methods for analysis and design (Wolovich, 1974; Kai-
lath, 1980; Vidyasagar, 1985; Youla et al., 1976).  By
applying the operator factorization methodology, one
can introduce the so-called quasi-state space, a frame-
work similar to the state space for linear systems, for
nonlinear control systems.
     Nevertheless, since 1980’s, the mathematical nonlin-
ear operator theory has been introduced to design,
analysis, stabilization and optimization of nonlinear
control systems (see, for example, (Banos, 1994; Chen
& Han, 1998; Chen & Figueiredo, 1992; Desoer &
Kabuli, 1988; Hammer, 1987, 1994; Han & Rao, 1995;
Paice, et al., 1993; Sontag, 1989; Verma & Hunt, 1993)
and the references therein).  However, most papers only
consider the operator .: YUP →Σ  The initial condition
seems to be left out so that these conclusions seriously
restrict the application of the operator factorization
method in observability analysis and observer design for
nonlinear control systems.
     The present paper attempts to tackle the observer
design problem for nonlinear control systems, by taking
the system initial conditions into consideration, from the
operator factorization approach.  For this purpose, a new
concept of dynamic right coprime factorization for non-
linear operators is first introduced, which is defined
with respect to initial conditions.  Basic properties of the



dynamic right coprime factorization are then discussed.
The dynamic right coprime factorization is finally ap-
plied to the problem of observer design for nonlinear
control systems.
     The rest of the paper is organized as follows.  The
next section presents the definition of the dynamic right
coprime factorization for nonlinear operators, and dis-
cusses its basic properties. Section 3 analyzes linear
control systems using the new concept.  As a motivation
for the new observer design method is to be proposed
and studied in Section 4.  It will be shown that a nonlin-
ear control system possessing a dynamic right coprime
factorization is always observable in the classical sense.
The system stabilization problem via an observer ap-
proach is then investigated in Section 5, and a detailed
design example is studied in Section 6.  Finally, Section
7 concludes the paper with some remarks and a further
discussion.

II. DYNAMIC RIGHT COPRIME
FACTORIZATION

A. The conventional definition of right coprime fac-
torization

     To start with, we recall the conventional definition of
right coprime factorization of nonlinear operators (see
(de Figueiredo & Chen, 1993) for more details).

     Let P: U→Y be a nonlinear (i.e., not necessarily lin-
ear) operator, which is assumed to be causal from linear
space U to linear space Y.  If there is a linear space W
and if there are two causal and stable operators N: W→Y
and D: W→U, with D being invertible, such that P =

ND-1, then the pair of operators (N, D) is said to be a
right factorization of P.  Throughout this paper, we as-
sume that U, Y and W contain proper normed linear sub-
spaces Us, Ys and Ws, called stable subspaces of U, Y

and W, respectively. The norms equipped in Us, Ys and

Ws are all L2-norm, for example,
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In general, we may let U, Y and W be finite- or infinite-
dimensional subspaces of the so-called extended linear

space ),0[2 ∞eL  (see (de Figueiredo & Chen, 1993) for
definition).
     As is well known, for the vector u(t)=[u1(t) u2(t)

...um(t)]T,  for every Rt ∈  its Euclidean norm is
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Moreover, if there exist two causal and stable operators
S: Y→W and R: U→W, with R being invertible, such
that

MRDSN =+                   (2.1)

for a unimodular operator M  on W, then (N, D) is said
to be a right coprime factorization of P.  Here, as usual,
an operator is said to be unimodular if it is stable, in-
vertible, and its inverse is also stable.  Equation (2.1) is
usually called the Bezout identity. Without loss of gen-
erality, we can let M =I, the identity operator.  If N and
D is not coprime, then there exists a nonunimodular
largest right cofactor, H, such that HDD 1= and

HNN 1=  (the theory of general factorization refers to

(Jacobson 1973)), where the operator 1D  is invertible

and the pair ( 1N , 1D ) is coprime.  There were several
methods to obtain the largest cofactor H (to see, for ex-
ample, (Chen & Figueiredo 1992; Desoer & Kabuli,
1988).
If (N, D) is a right coprime factorization of P, and S and
R are the operators that satisfy the Bezout identity, then
we can construct a system as shown in Fig. 1.
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+
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P

Q

ζ

Fig. 1 A compensated system

     In Fig. 1, Q stands for the compensator composing of
R and S, and ζ  is its output.  It follows easily, from
Fig. 1 and Eq. (2.1), the following identity:

    .ξξξζ MSNRDSyRu =+=+=    (2.2)

Thus, if M =I, then Eq. (2.2) leads to

    .ξζ =    (2.3)

B. A new definition of right coprimeness for dy-
namic systems

     We now consider the case where the operator P rep-
resents a dynamic plant whose input space is U and out-
put space is Y.  It is known, from the state-space
method, that there is a linear space W whose elements
are states of the plant P such that the output, y(t)∈ Y,
depends not only on the input u(t)∈ U  but also on the

initial value of the state variable (or vector), ξ(t)∈ W,
and its differentials.  Let W0 be the finite-dimensional
linear space that consists of all the initial states of the
plant.   The number of the dimension of W0  may be

larger than W.  Let 0ξ  denote the initial condition that
leads to a unique solution of P.  Then P is more pre-
cisely a mapping from W0×U to Y, i.e.,

     )).(,()( 0 tuPty ξ=         (2.4)

This can be understood from that a general state-space
model of P is 
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which gives ξ(t)=ξ(t; ξ
0
, u(t)).  Then, y(t)=y(t;ξ

0
, u(t)).

Namely, y is a function of ξ
0
 and u(t) with the time vari-

able t.
     Note that space W

0
×U contains a stable subspace

W
0
×Us whose norm is defined by =||][|| 0

Tuξ
)|||||,max(| 20 uξ  for every [ξ0  u]T∈  W

0
×Us.

     Because the domain of the dynamic plant, P, in-
volves the initial state subspace, the definition of the
conventional right factorization of P has to be modified
appropriately.

Definition 2.1  (Right factorization of a dynamic plant)
Let P be a dynamic plant. If there exist two stable dy-
namic operators N: W NS× →Y and D: W DS× → U,

where NS  and DS  are the initial state spaces of N and

D, respectively, and D is an invertible operator with D-1:

W
0
×U→W such that for every u(t)∈ U and every ξ0∈ W0,

))(,())(,()( 0
1

0 tuNDtuPty ξξ −==

.))](,([ 0
1 tuDN ξ−=                          (2.6)

Then the pair of operators (N, D) is said to be a dynamic
right factorization, or simply, D-right factorization, of
P.                 �
     A plant with D-right factorization is illustrated in
Fig. 2.

u ξ y

(0)

D N-1

ξ

Fig. 2 A plant described by a D-right factorization

     The following remarks are given to Definition 2.1.

Remark 2.1 As mentioned before, the dimension of W0

is generally larger than that of W.  This fact can be seen

from the following linear equation :)0( 0 ≠b

ububaaa 10321 +′=+′+′′+′′′ ξξξξ  (2.7)

To solving )(tξ  from Eq. (2.7), it is necessary to pro-
vide u(t) and the initial conditions

cba =′′=′= )0(and)0(,)0( ξξξ .

The dimension of W0 (or 0ξ ) is 3, however, the dimen-

sion of W is 1.                                                

Remark 2.2 Consider Eq. (2.7) again.  If the problem is
to solve )(tξ  for a given u(t), then Eq. (2.7) defines a

mapping WUWD →×01 : ;  if )(tξ  is known, the

problem is to solve )(tu , then Eq. (2.7) defines another

mapping UUWD →× 02 : .  Obviously, 1D  is the in-

verse of 2D , but the domain and codomain of 1D  hold
different dimensions.  It may be helpful to define

001 : UWUWD ×→× .  However, usually, we apply

the former notation because the initial value 0u  is

uniquely determined by )(tu .    

Remark 2.3 Let 1
0 ))(,()( −== NDtuPty ξ  (ξ0, u(t)) be

a D-right factorizaition of P. We then assume the map-
ping N is relaxed, i.e., if )(tξ =0, then )(ty =0. It im-
plies that in the D-right factorizaition of P, all initial
conditions of N are zero.  The hypothesis is reasonable
because of causality.    
     In Definition 2.1, the operator D-1  is a mapping from
W0×U to W,  i.e., ξ(t)= D-1(ξ0, u(t)),  or,  [ξ0, u(t)]T = D

ξ(t).   Two operators can be defined from D.  The first
one is a projection operator π0:

).0()(    ;: 00 ξξπ atWW →
The second is

).()(   ;:
~

tutUWD aξ→

D
~

 is called the reduced operator of D.  The following
lemmas provide some fundamental properties of D

~
.

Lemma 2.1 Let D
~

1 and D
~

2 be the reduced operators
of D1 and D2, respectively.  Then D1= D2 if and only if

D
~

1= D
~

2.

Proof:  Instead of a direct verification of the lemma, we
prove an equivalent statement that D

~
1≠ D

~
2 if and only

if D1≠D2.

     If D1≠D2, then there exists a ξ(t)∈ W such that D1ξ(t)

≠D2ξ(t), i.e.,
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Hence, D
~

1ξ(t)≠ D
~

2ξ(t).

     On the other hand, if D
~

1≠ D
~

2, there exists a ξ(t)∈ W

such that D
~

1ξ(t)≠ D
~

2ξ(t).  Therefore, ≠
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ξ , i.e., D1ξ(t)≠D2ξ(t).   �

     Note that although D is an invertible operator, D
~

 is
generally not.  Nevertheless, we can prove the following
result.
     Let W(0) be the subspace of W defined by

}0)0(and)();({)0( =∈= ξξξ WttW .

Lemma 2.2   Let D
~

 be the reduced operator of D. Then
D
~

 is an invertible operator from W(0) to U.          �

     Lemma 2.2 is a direct result of Definition 2.1, hence,
its proof is omitted.



     Four remarks on Lemmas 2.1 and 2.2 are in order.

Remark 2.4 Let α be a constant and W(α) be the set of
vectors defined by W(α)= and)();({ Wtt ∈ξξ ξ (0) }α=

Then D
~

 is invertible from W(α) to U.     �

Remark 2.5 D
~

 is usually not an invertible operator
from W to U.  It is onto but not one-to-one.  However, it
follows from Remark 2.4 that for every u(t)∈ U, the set
D
~ -1(u(t))  has property  that  if ξ1(t), ξ2(t)∈ D

~ -1(u(t))

with ξ1(0)=ξ2(0), then ξ1(t)=ξ 2(t) for all t≥0.    �

Remark 2.6 For a causal plant, the set of states has the

semi-group property, i.e., if we denote ξ(t)=ξ(t; ξ(0),

u(t)), then ξ(t+t0)=ξ(t; ξ(t0), u(t+t0)) for all t0≥0 and
t>0.  By using the semi-group property and Remark 2.5,

it can be seen that if ξ1(0)≠ξ2(0), then ξ1(t)≠ξ2(t) for all
t>0.   �

Remark 2.7 If we fix the initial value ξ(0)=0, then the

plant P reduces to an operator YUP →:
~

 defined by

))(,0())((
~

tuPtuP = .

P
~

 is a traditional operator, hence it has a conventional

right factorization 1ˆˆ~ −= DNP . From Lemma 2.1, D̂  is

identical to D
~

. It follows from Lemma 2.1 again that

there is a unique operator D such that D
~

 is its reduced
operator.   �
     When P is a dynamic plant, and when R and S are
dynamic systems in Eq. (2.2), their initial conditions
have to be considered.  In this case, Eq. (2.2) becomes

,))(),0(),0((ˆ

))(),0(())(
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where M̂  is generally different from the M  in Eq.

(2.2).  M̂  is an operator from Z10×Z20×W to W, where
Z10  and Z20 are the initial state-spaces of R and S, re-
spectively.
Definition 2.2  (Dynamic right coprimeness)

Let (N, D) be a D-right factorization of the dynamic
plant P.  If there are two stable operators S: Z20×Y→W

and R: Z10×Y→W such that for any initial conditions

z1(0) and z2(0), the operator ))(,)0(,)0((ˆ
21 tzzM ξ  is a

unimodular operator, then (N, D) is said to be a dynamic
right coprime factorization of P, or simply, a D-right
coprime factorization of P.     �

Remark 2.8 If Eq. (2.8) holds, then ζ(0)=z1(0)+z2(0).

Therefore, a more precise statement is that ,)0((ˆ
1zM

2z ))(),0( tξ is a unimodular operator from W(ξ(0)) to
W(z1(0)+z2(0)).   �

     We note that in Definition 2.2, the coprimeness of N

and D is defined via N and D
~

.  Hence, we have the
following result.

Lemma 2.4  (N, D) is a D-right coprime factorization of
P if and only if (N, D

~
) is a conventional right coprime

factorization of %P  for any the initial conditions z1(0)
and z2(0).    �

III.  AN EXAMPLE

     In order to gain more insights about the definition of
the D-right coprimeness given in the previous section,
we consider as an example the case of general linear
time-invariant systems.

     Let P be a linear time-invariant system with the
state-space description

P:
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(3.1)

where (A, B, C) is assumed to be completely controlla-
ble and completely observable. Instead of ξ, we have
used the conventional notation x to denote the state
vector here for the linear system (3.1).  The Laplace
transformation of the state vector x(t)  is given by

  ),()()0()()( 11 sBuAsIxAsIsx −− −+−=    (3.2)

where u(s) is the Laplace transformation of  u(t). Equa-
tion (3.2) leads to a graphic illustration of system (3.1)
as shown in Fig. 3, where v=Bu.

yu
B C

x(0)

+ (sI-A)-1
v

Fig.  3  System (3.1).
     Without loss of generality, we assume that the matrix
B has a full column rank (i.e., the column vectors of B
are linearly independent). Consequently, the space
spanned by v is isomorphic to U. Moreover, the observ-
ability of (C, A) implies that (C, (sI-A)) is right coprime
in the conventional sense.
     System (3.1) is observable, so we can construct a
Luenberger observer:

      
,)(: GyBuGCAQ ++−= ζζ&

   
(3.3)

where G is a constant matrix such that (A-GC) is  Hur-
witz.  Solving Eq. (3.3) in the frequency domain, we
obtain

 )0()()( 1ζζ −+−= GCAsIs

)),()(()( 1 sGysvGCAsI ++−+ −  (3.4)

where v(s) and y(s) are the Laplace transformations of
v(t) and y(t), respectively. Figure 4 is obtained by com-
bining Eqs. (3.2) and (3.4).  It can be verified that the
system shown in Fig. 4 is equivalent to that shown in
Fig. 5, with )0()0()0( 21 zz +=ζ . Let

N = C, D = (sI-A),  R = (sI-A+GC)-1 N

and

       S = (sI-A+GC)-1G.        (3.5)
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Fig. 4 The linear plant with an observer.

Then, R and S  are stable since A-GC is a Hurwitz ma-
trix.  Clearly, R  is invertible.  We can check that the
Bezout identity holds.  Indeed, we have

GCGCAsIDRNS 1)( −+−=+
.)()( 1 IAsIGCAsI =−+−+ −           (3.6)

     Although the Bezout identity (3.6) holds for the lin-
ear system (3.1), Eq. (2.3) is generally not valid due to
the initial conditions involved.  This is the reason why
we need the new definition of the D-right coprimeness
for such dynamic plants.

Let us now take the initial conditions into account. From
Fig. 5, we have
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For any given z1(0), z2(0) and x(0), (sI-A+GC)-1

(z1(0)+z2(0)-x(0)) is stable since (A-GC) is a Hurwitz

matrix. Hence, (sI-A+GC)-1(z1(0)+z2(0)-x(0))+x(s) de-
fines a unimodular operator from W to W.  This can also
be seen in the time domain, where we have

)].0()0()0([)()( 21
)( xzzetxtz tGCA −++= −

      If the initial condition is considered, from the first
equation of (3.1), the state vector should be
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where ∫ •
t

dta
0

))(,( ττ  is an operator defined by

[ ∫ •
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))(,( ττ ]v(t)= ∫
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dvta
0

)(),( τττ .

Therefore, we have

])([
0

)(1 ττ deeD
t

tAtA •= ∫ −−   and  N=C.

It then follows from Eq. (3.7) that

).0()()(
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xtxedve
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Thus,

)]([)( txe
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d
etv AtAt −= .

Using similar notation as those used in Eq. (3.7), we
have
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Fig. 5  An equivalent configuration of Fig. 4.

Thus, )(
~ •= −AtAt e

dt

d
eD . Note that %%D  is an invertible

operator from W(α) to V (V=BU) for all real numbers α.
By direct calculation, one can easily check that
D D I− =1

1  and DD I− =1
2 , where I

1
 and I

2
 are identity

operators on spaces W and W
0
XV, respectively.

It can be verified that %% ( ( )) ( ) ( )D x t
d

dt
x t Ax t= −  for all

x(t) ∈ W.  The formula for %%D  can also be obtained from
the first equation of Eq. (3.1).  If we deal with the D-
right factorization for the linear system in the frequency
domain, we actually have

.
~

 and

    ],)()[( 111

AsID

CNAsIAsID

−=

=−−= −−−

The last two equations for N and %%D  are the same as
those given in Eq. (3.4).

IV. THE OBSERVER PROBLEM
     This section is devoted to a formulation of the non-
linear observer problem from the D-right factorization
approach and to a derivation of some conditions for the
existence of an observer.

A. Observability

     For nonlinear systems, there are several definitions
for observability. The definition adopted below was
given by Hermann and  Krener (1977), which is referred
to the system described in Eq. (2.6).

Definition 4.1  (Observability)

An initial condition ξ(0)∈ W0 is said to be distinguish-

able over U if for every 0)0( W∈ξ  satisfying



)0()0( ξξ ≠ , there is a u(t)∈ U such that ),0(;( ξty

≠))(tu ))(),0(;( tuty ξ .

     The plant P is said to be observable if every ξ(0)∈
W0 is distinguishable over U.    �

Theorem 4.1 If the plant P has a D-right coprime fac-
torization, then P is observable.

Proof: If P has a D-right coprime factorization, then
there are two operators R and S such that a system as
shown in Fig. 1 can be constructed.  Thus, it follows
from Eq. (2.8) that

)),(),0(),0((ˆ

))(),0(())(),0(()(
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   (4.1)

where $$M  is unimodular for any given initial conditions
z1(0) and z2(0).

     If the plant is not observable, on the other hand, then
there exist two states ξ1(0) and ξ2(0),  ξ ξ

1 2
0 0( ) ( )≠ ,

such that for all u(t)∈ U and for all t≥0,
))(),0(,())(),0(,( 21 tutytuty ξξ ≡ . Thus, Eq. (4.1) im-

plies that ζ ξ ζ ξ( ; , ( )) ( ; , ( ))t u t t u t1 2= . Therefore, the

operator $$ ( ( ), ( ), ( ))M z z t1 20 0 ξ  is not one-to-one from W
to W no matter what values of z1(0) and z2(0) are given.

It contradicts the fact that $$ ( ( ), ( ), ( ))M z z t1 20 0 ξ  is a
unimodular operator.    �

B. Observers

     Consider a compensated system shown in Fig. 6
where P is the plant with a right coprime factorization
(N, D) and Q is the compensator with inputs (u, y) and

output ζ.  From Fig. 6, y=Nξ(t) and u=
~
D ξ(t).  Conse-

quently, the inputs of Q are functions of ξ(t). Thus,
when Q is a dynamic compensator, the following equa-
tion is valid:

ζ ζ ξ( ) ( , ( ) ( )).t Q t t= 0 ,

Definition 4.2  (Observer)

The compensator Q is said to be a globally asymptotic
observer, or simply, an observer of the dynamic plant P
if for any u(t)∈ U, the following conditions are satisfied:

1. when ζ(0)=ξ(0), ζ(t)= ξ(t) for all t∈ [0, ∞);

2. when ζ(0)≠ξ(0), | ( ) ( )|ζ ξt t n− →
R

0 (t→∞).

Q is said to be a locally asymptotic observer, or simply,

a local observer, of the dynamic plant P at ξ(0)  if there
is a δ>0, such that for any u(t)∈ U, the following condi-
tions are satisfied:

1. when ζ(0)=ξ(0), ζ(t)= ξ(t) for all t∈ [0, ∞);

2. when ζ(0)≠ξ(0) and | ( ) ( )|ζ ξ0 0−
Rn <δ,

| ( ) ( )|ζ ξt t n− →
R

0 (t→∞).   �

u y
D N

Q

ζ

ξ-1

ξ(0)

ζ(0)ζ(0)

Fig. 6 A nonlinear dynamic plant with a compensator.

Definition 4.3  (Almost asymptotic observer)

The compensator Q is said to be a global almost as-
ymptotic observer (gaao) of the dynamic plant P if for
any u(t)∈ U, the following conditions are satisfied:

1. when ζ(0)=ξ(0), ζ(t)= ξ(t) for all t∈ [0, ∞);

2. when ζ(0)≠ξ(0), | ( ) ( )|ζ ξt t n− →
R

0 (t→∞) (a.a)*.

Q is said to be a local almost asymptotic observer (laao)

of the dynamic plant P at ξ(0) if there is a δ>0, such
that for any u(t)∈ U, the following conditions are satis-
fied:

1. when ζ(0)=ξ(0), ζ(t)= ξ(t) for all t∈ [0, ∞);

      2. when ζ(0)≠ξ(0) and  | ( ) ( )|ζ ξ0 0−
Rn <δ,

    0|)()(| →− ntt
R

ξζ  (t→∞)  (a.a).    �

     It is obvious that a (global) observer is always an
almost asymptotic observer.  Conversely, if P is a con-
tinuous-time system, i.e., P is a continuous mapping and
the input function u(t) is also continuous, then gaao
(laao) is a (local) observer.
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ζ

     Fig. 7 The configuration of a compensated system.

     We now assume that the compensator Q has a con-
figuration as shown in Fig. 7, where R and S satisfy the
Bezout identity and M is a unimodular operator.  Let
z1(t) and z2(t) be the outputs of R and S, respectively.  It

follows from Fig. 7 that z(t) = z1(t)+z2(t); in particular,

z(0) = z1(0)+z2(0).  Since the system is causal, we have ζ
(0) =M(z(0)).

Lemma 4.1 Consider the system shown in Fig. 7. If the
initial conditions of R and S can be adjusted, then there

                                                       
* (a.a) means "almost all", i.e., the conclusion holds except

on a subset of [0,∞) with zero Lebesque measure.



exists a unimodular operator M1 such that M = M1
1−  im-

plies the output of Q, )(tζ  is equal to ξ(t).

Proof:  From Eq. (2.8), we have

)),(,())(
~

,())(,,(ˆ
20102010 tNzStDzRtzzM ξξξ +=   (4.2)

where $ ( , , ( ))M z z t10 20 ξ  is unimodular for any initial

values z10 and z20.  Now, let us fix the values of z10 and

z20, i.e., let  z10= z1  and z20= z2 .  Then, we define an
operator M1 by

M W W

t M z z t

1 0

1 2

: ( ) ( )

( ) $ ( , , ( )),

ξ α

ξ ξ

→

a

 (4.3)

where α is a constant depending only on ξ(0), and
z z1 1and  are constant vectors.

     M1 is a unimodular operator; hence, M1
1−  exists and

is stable. Let M= M1
1−  in Fig. 7.  Then the output of Q

satisfies
  ζ ξ( ) = ( ( )) =t M z t M M z z t1

1
1

1
10 20

− − [ $$ ( , , ( )].   (4.4)

When we designate z1(0)= z10=z1 and z2(0)= z20=z2 , it
follows that )()( tt ξς = .                                  �

     Lemma 4.1 gave an approach to reconstruct the state

variable ξ for a nonlinear system. However, it is diffi-
cult to use in practice.  There are two problems.  First,
we generally cannot adjust the initial values of an ob-
server.  Consequently, we may fail to assign the initial
values z1 and z2  to R and S, respectively.  Secondly, the

operator M1
1−  may contain the unknown initial value ξ

(0); hence, it varies when ξ(0) changes.  For example,
for the linear case, we have obtained, in Section 3,

     z t x t e z z xA GC t( ) ( ) [ ( ) ( ) ( )].( )= + + −−
1 20 0 0

The operator M1 is then defined by

)].0([)())(( 21
)(

1 xzzetxtxM tGCA −++= −    (4.5)

Consequently,

)].0([)())(( 21
)(1

1 xzzetxtzM tGCA −+−= −−      (4.6)

     Note that the right-hand of Eq. (4.6) contains x(0).
Yet the goal of designing an observer is to estimate the
state without any prior knowledge of x(t). In the fol-
lowing discussion, we will drop the requirement on the
initial value of the state and keep M1

1−  invariant. In so
doing, however, only a local result can be obtained.

     We thereafter fix all the initial conditions: not only
those of z10 and z20, but also ξ(0)= 0ξ .  Then, by using

the same notation as in Lemma 2.3 (note that the initial
values have changed), we obtain a unimodular operator
M2

as follows:

)),(,())(
~

,())(,,(ˆ))(( 21212 tNzStDzRtzzMtM ξξξξ +==

where ξ(t)∈ W(α).

     For continuous operators, we have the following
results.
Lemma 4.2 Consider the system shown in Fig. 7. Let

M= M2
1− . Then, there is a real number δ >0 such that

when |ξ(0)-α |R n  < δ, there exists an initial value of z(t),

z(0)=z(ξ(0)), leading to ζ(t)=ξ(t) for all t>0.

Proof: From Eq. (4.2), we can define a function H(z(0), 
ξ(t)) as follows:

  z t H z t M z z t( ) ( ( ), ( )) $ ( , , ( ))= =0 10 20ξ ξ ,   (4.7)

where z(0)=z10+z20 is the initial value of z(t). Then, de-

fine another function φ(z(0), ξ(t)) by

 
).()(

)())](),0(([))(),0(( 1
2

tt

ttzHMtz

ξζ
ξξξφ

−=
−= −

  (4.8)

If z z z t W( ) ( ) ( )0 1 2= + ∈and ξ α , then by repeating a
process similar to the proof of Lemma 4.1, we obtain

ζ ξ φ ξ( ) ( ), , ( ( ), ( )) .t t z t= =i.e. 0 0  Now, to apply the
implicit function theorem, we only need to show that the
function φ(z(0), ξ(t)) is one-to-one with respect to the
initial value z(0). If  ),0(~)0(ˆ zz ≠ ≠))(),0(ˆ( tzH ξ

)),(),0(~( tzH ξ  since H(z(0), ξ(t))=z(t) whose initial

value is z(0).  Hence, ≠− ))(),0(ˆ(1
2 tzHM ξ

))(),0(~(1
2 tzHM ξ− , so that φ ξ( $$( ), ( ))z t0 ≠  φ ξ(~( ), ( ))z t0 .

     By the implicit function theorem, we know that there
are a real number δ > 0 and a function z(0)=z(ξ(t)) (in
fact, z(0)=z(ξ(0)) since the system is causal) such that if

| ( ) ( )|ξ ξ δ0 0− <
Rn  then φ(z(0), ξ(t))=0, namely, we

have ζ(t)=ξ(t).         �

Theorem 4.2   Consider the system shown in Fig. 7.
Let M  and  δ > 0  be defined as in Lemma 4.2.  If |ξ(0)-
α |

R
n  < δ and ξ(t)∈ Ws, then the compensator Q in Fig. 7

is a local almost asymptotic observer.

     Here, we should recall that Ws
  is the stable subspace

of W.

Proof:   By Lemma 4.2, for every ξ(t) which satisfies
that |ξ(0)-α |<δ and ξ(t)∈ Ws, there is an initial value

z z( ) ( ( ))0 0= ξ  such  that ζ(t)=ξ(t).  Moreover, since

M2
1− H is a continuous operator for the initial condition

z(0), there exists a δ  such that when

δ<− |)0()0(| zz , M2
1− H(z(0), ξ(t)) ∈ Ws. Hence,

s)())(),0(,( Wttzt ii ∈−ξξζ
for every ∈i  {1,2,..., n}, since the norm that we
adopted for Ws  is the L2-norm, we have

∞<−∫
∞

tttzt ii d|)())(),0(,(| 2

0

ξξζ .



This implies that for any ε>0, there exists a T=T(ε)>0
such that

.d|)())(),0(,(| 2

T

εξξζ <−∫
∞

tttzt ii

Thus,
| ( , ( ), ( )) ( )| ( ) ( . .)ζ ξ ξi it z t t t a a0 0− → → ∞

As a result, the compensator Q in Fig. 7 is a local
almost asymptotic observer.                     �

Corollary 4.1 Suppose that in the system (2.5),
y t P u t( ) ( , ( ))= ξ0  is continuous and has a D-right co-
prime factorization. Then this system has a local ob-
server.

     This corollary follows directly from Theorem 4.2
and the statement given after Definition 4.3.

Corollary 4.2 Let δ be as defined in Lemma 4.2.  Then,
for any δ δ<  and ε > 0, there exists a TT =

)),(,( εξδ t , independent of z(0), such that for all ξ( )t
satisfying | ( ) |ξ α δ0 − ≤ , we have

| ( , ( ), ( )) ( )|ζ ξ ξt z t t0 − <ε    (a.a.).

Because | ( ) |ξ α δ0 − ≤  is a closed set, the conclusion
follows from the Cantor Theorem in Calculus.

V. STABILIZATION VIA OBSERVER

     In the design of linear control systems, separability is
an important performance index. With this property, a
complicated problem can be decomposed into several
simpler subproblems, so that the design is easily per-
formed.

     It is well known that the stabilization of a linear sys-
tem implies the separability.  Usually, the state of a
control system is not accessible; hence, the stabilization
design consists of constructing an observer and a feed-
back law.  The separability asserts that these two prob-
lems in a design can be implemented individually.  The
composition of observer and feedback will assign the
same poles as those designated for the feedback law.
However, in general, the stabilization of a nonlinear
system does not imply such a nice property.  An exam-
ple given by Pan et al., (1993) shows that a control sys-
tem can be stabilized by a direct state feedback but fails
if the feedback is given via an estimated state provided
by an asymptotic observer.

     However, it is interesting that the separability is still
valid provided that the initial state errors can be con-
trolled within a small area.  This section will verify by
using dynamic coprime factorization of nonlinear sys-
tems to show the separability. Consider a nonlinear
plant P described by a right coprime factorization (N,

D).  The state feedback used is u=v-F(ξ) (as shown in
Fig.  8).

D-1 N

F

v u ξ y

-

ξ(0)

Fig. 8 State feedback configuration.

Theorem 5.1 Suppose that the closed loop system
shown in Fig. 8 is well-posed (see Willems, 1971, for
the definition of well-posedness) and the operator F is
stable.  Then the closed-loop system is stable if and only
if ( D

~
+F) is a unimodular operator, where D

~
 is the re-

duced operator of D.

Proof:  From Fig. 8, we have
ξξ FvDu −== ~ ,   (5.1)

so that

ξ)~
( FDv += . (5.2)

Since the system is well-posed, ξ is uniquely deter-
mined by v. The operator D

~
+F is then invertible.  Con-

sequently, for the closed-loop system, we have
y N N D F v= = + −ξ ( ~ ) 1 .  (5.3)

   Necessity.  Because the system is stable, ( ~ )D F+ −1  is

stable.  On the other hand, D
~

 is stable since (N, D) is a
right factorization.  By assumption, F is stable, so is
D
~

+F.  Therefore, D
~

+F and (
~

)D F+ −1  are both stable,

namely, D
~

+F is unimodular.

   Sufficiency.  If D
~

+F is unimodular, then ( ~ )D F+ −1  is
stable.  It follows from Eq. (5.3) that the closed-loop
system is stable.                                      �

     A system is said to be overall stable if when the in-
put signal is stable (in the sense that it decays to zero
asymptotically) then all the internal signals are also sta-
ble. In an overall stable closed-loop system, F has to be
stable. Thus, we have the following result, which is
convenient to use.

Corollary 5.1 Suppose that P has a D-right coprime
factorization (N, D). Then, a stable feedback F can sta-
bilize P if and only if there exists a unimodular operator
M satisfying F = −M D

~
.

Proof:  By Theorem 5.1, the closed-loop system is sta-
ble if and only if D

~
+F is a unimodular operator.  De-

note M= D
~

+F. Then the conclusion follows.     �

     Let us now consider the feedback configuration
shown in Fig. 9, where FDM =− ~

2  is the feedback
determined in the stabilization design shown in Fig. 8,
and operators R, S and M1 are those obtained in Section

4.  From Section 4, we know that Q is qualified as a
local observer, i.e., for any given ξ(0) there exists
z (0)=z(ξ(0)) such that ζ(t)=ξ(t) and if z(0) is close



enough to z (0), then ||ζ(t)-ξ(t)||→0. Note again that we
have assumed that the operators given in Fig. 9 are all
continuous.

Theorem 5.2 Let DM
~

2 −  be the stabilizing feedback

designed in Theorem 5.1, and let Q be the local observer
at ξ(0). Then there exists a δ > 0 such that when

| ( ) ( )|z z0 0− <δ and | ( ) ( )|ξ ξ δ0 0− < , the system is
stable.

Proof:  Since the stable subspace Us is an open set, for

every v Us∈  there exists a δ1>0 such that for all

∆ ∆v vwith | |<δ1, v v Us+ ∈∆ . D
~

 is a continuous

operator; hence, there is a δ2>0 such that when

| |∆ξ δ< 2 ,  we have | |
~

( )
~

||D Dξ ξ ξ δ+ − <∆ 1 .

     Let H(z(0), ξ(t)) be as defined in Eq. (4.7). Observe
that 0))(),0(( =tzH ξ  and H z t( ( ), ( ))0 ξ  is continuous

with respect to z(0).  Hence, there exists a δ>0 such that
| ( )| | ( ) ( )|∆ξ ζ ξ δt t t= − < 2  provided | ( ) ( )|z z0 0− <δ.
Thus, if | ( ) ( )|z z0 0− <δ, then we will have that

ζ ξ ξ( ) ( ) ( ),t t t= + ∆ sUt ∈∆ )(ξ , δξ <∆ ||)(|| t .

The following equation can be obtained from an inspec-
tion of Fig. 9:

))(
~

( 2 ξξξ ∆+−−== DMvDu .
It yields

vDDM +−∆+=∆+ ξξξξξ ~
)(

~
)(2 . (5.4)

Since | | ||∆ξ δ< 2 , || ~
( )

~
||D Dξ ξ ξ δ+ − <∆ 1

. Moreover, by

the definition of δ1, the right-hand side of Eq. (5.4) is in

the stable subspace, i.e., sWvDD ∈+−∆+ ξξξ ~
)(

~ .  Since

M2 is a unimodular operator, ξ ξ+ ∈∆ Ws .  Note that we

have required ∆ξ ∈ Ws
, which implies that ξ ∈ Ws

.  The

conclusion of Theorem 5.2 then follows from that fact
that all operators involved are stable.    �

D N

R Sz

u yξ

+

-1

Pξ(0)

z1(0) z2(0)

M

ζ

1

M -D2

-

Q

v

~

Fig. 9 State feedback via an observer.

     We note that in the proof of Theorem 5.2, we did not
require | ( ) ( )| ( )ξ ζt t t− → → ∞0 . Hence, at the begin-

ning of the proof we had no need to require ξ ∈ Ws .

VI. AN EXAMPLE

     As an illustrative example, we consider a nonlinear
plant described by

∫+=
t

duty
0

)()0()( 3
1

ττξ ,        (6.1)

where ξ is the state of the plant and ξ(0) is the initial
value of state.

     The D-right factorization of the plant can be con-
structed as

3

0

)( ])()()0([)(

:

∫ −−− −+−=

→×
t t

D
t

D

detetu

USWD

ττξξξ τ
(6.2)

and
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→
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t
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N

deety

YSWN
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)( )()0()(

X:

ττξξ τ
  (6.3)

where ξ ξD N( ) ( )0 0and are the initial values of D and
N, respectively. Recall that we have assumed that

0)0( =Nξ .  The inverse of D is

D U W W

t u t u d
D

t

− →

= + +− ∫

1
0

0
1

1
3

1
30

:

( ) ( ) ( ) ( ) .

X

ξ ξ τ τ
  (6.4)

Obviously, D−1 is an unstable operator.  To check that

D−1  gives the exact inverse of D, we compute

.
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D

ξξ

ξξ (6.5)

To distinguish the input of D from that of D−1 , we have
used uD-1(t) and uD(t) as substitutes for the input u(t) in

Eqs. (6.2) and (6.5), respectively. Now, let
ξ ξ

D D− =1 0 0( ) ( ) . Then, by Eq. (6.5), we have uD-1(t)

=uD(t).  From the same approach, we obtain

).())0()0(()(

:
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1

tt

WWDD

DDDD
ξξξξ +−=

→

−−

−

(6.6)

Hence, DD-1 and D-1D are both identity mappings.
Moreover, we have
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t duety

YWUND
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(6.7)

We next take ξ
D−1 0( )=ξ N ( )0 =0.  Then it follows that

Eq. (6.7) is identical to Eq. (6.1).  As a result, (N, D) is a
D-right factorization of P.

     To verify the coprimeness, let

     
,)()()0()(
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and
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Thus,
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SN+RD is a unimodular operator for any initial condi-

tions z1(0) and z2(0) since e t−2  is a stable integration
factor.  Let S and R be as defined above and choose
M= 2− . Then a global asymptotic observer as shown in
Fig. 7 can be constructed as follows.  Let the feedback
stabilizer be (2I- ~

)D .  Then, the output of the closed -

loop system, y(t), is given by

.)()0()0(

)0()33()0(
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)(
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ttt
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ttt

D
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dueztezte

teeetety

ττ

ξξ

τ

This output is obviously stable (converges to zero as
u t( ) → 0).  Moreover, we can check that all signals in
the closed-loop system are stable.

VII. CONCLUSIONS

     The dynamic behavior of a control system depends
on both the initial state and the control input. Particu-
larly, for nonlinear systems, these two factors cannot be
handled separately in general. This paper has formulated
a dynamic right coprime factorization approach, which
can simultaneously handle the initial state and the con-
trol input for the purposes of system observation and
stabilization. Some fundamental properties of the dy-
namic right coprimeness have also been studied, and the
relations of the dynamic right coprime factorization
with observability and observer design have both been
established. It has also been verified that the dynamic
coprimeness implies the observability and the Bezout
identity can be applied to design a dynamic observer.  In
addition, it has been shown that the linear separability of
feedback and observer can be extended, at least locally,
to nonlinear systems. A linear system example has been
used to verify that the new results are consistent with
the existing ones, and a nonlinear example has been
constructed to visualize all the new concepts and the
observer design procedure. It is believed that the new
approach developed in this paper captures the very na-
ture of nonlinear dynamic control systems, and hence
will be useful for other analysis, design, simulation and
implementation purposes. Future work along the same
line includes effective construction methods of the dy-
namic observers, particularly global ones, for general
nonlinear control systems.
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