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Abstract— Continuous Mixtures are mix-
tures of so many components that is no longer
useful to distinguish among chemical species.
Instead, an index is chosen to characterize each
molecule, such as carbon atoms in each sub-
structure, chromatographic retention time or
normal boiling point and the continuity of this
index is admitted. The present work aims the
mathematical formulation and the simulation
of a distillation column in which a continuous
mixture is fed. This is performed with the as-
sumption of a mixture of linear paraffins, in
which ideal mixture hypothesis in both liquid
and gas phases are reasonable. A quadrature
method is employed to calculate the integrals
which turns the functional-algebraic problem
into a numerical one.

Keywords— Continuous Mixtures, Distilla-
tion, Quadrature Method

I. INTRODUCTION

The concept of continuity of a given mixture is ap-
plied whenever that mixture is so complex that it is
no longer worthwhile to distinguish among individual
chemical species; instead, an index (such as number
of carbon atoms, boiling point or chromatographic re-
tention time) is chosen to characterize each component
and the continuity of the index is assumed. Mole frac-
tion xi of species Ai is replaced by f(x)dx, the molar
fraction of material with an index in the (x, x + dx)
interval. Function f(x) is known as the mixture distri-
bution function (DF), where x is the continuous index
of the mixture. In some cases, more than one index
must be used to completely characterize the continuum
of species, which increases the mathematical complex-
ity of any phenomena described with a continuous ap-
proach.

Distribution functions exhibit an obvious normal-
ization condition given by:

∫ ∞

0

f(x)dx = 1. (1)

Vapor-liquid equilibria (VLE) calculations for com-
plex mixtures has been traditionally accessed through
a Pseudo-Component Method, that is basically a
“lumping” approach in which key components are cho-
sen to fully characterize the whole mixture. In this
way, a simple modelling procedure can be adopted,
but results are highly dependent on the choice of the
set of pseudo-components (Chachamovitz, 1993).

The development of the continuous thermodynamics
had shown great advantages in many aspects (Peixoto
et al., 2000). When applying continuous thermody-
namics, a critical point is the choice of the continu-
ous index. Some authors chose a natural identification
variable, such as molecular weight or boiling point (Du
and Mansoori, 1986; Cotterman and Prausnitz, 1985).
However, it is sometimes difficult to relate such in-
dices with other thermodynamic properties, especially
equations of state (EOS) parameters, and fitted poly-
nomials have been employed (Cotterman et al., 1985).

The simulation of distillation columns using a con-
tinuous approach was previously addressed by Kehlen
and Rätzsch (1987) and Rätzsch et al. (1989). How-
ever, these authors employ boiling-point temperature
as the continuous index, differing essentially of this
work.

This work aims the modelling of distillation columns
in which a continuous mixture is fed, the most impor-
tant examples being paraffinic fractions of petroleum.
The well-established Quadrature Method (Cotterman
and Prausnitz, 1985; Peixoto et al., 2000) is employed
for solving the problem. This method was considered
the most suitable, once it does not show the error in
material balance of the Method of Moments (Cotter-
man et al., 1985). The VLE is accessed through its
most simple form, once paraffinic mixtures are one of
the most common examples of mixture with ideal be-  



Latin American Applied Research 35:233-239 (2005) 

 234

 
 
havior. However, the approach presented here can be
easily extended for non-ideal vapor phases (as used in
Peixoto et al., 2000) and liquid phases (using a group
contribution method for estimation of activity coeffi-
cients).

II. MATHEMATICAL MODELLING

A. Continuous Mixtures Thermodynamics

As mentioned in Cotterman et al. (1985), the VLE for
continuous mixtures can be written in a way similar
to the discrete case:

Y (x)φV (x, T, P, Y (x)) =
X(x)φL(x, T, P,X(x)) , (2)

where X(x) and Y (x) stands for the liquid and vapor
DF respectively and φ(x) stands for the fugacity co-
efficient of the component with index x; subscripts V
and L stand for vapor and liquid phases, respectively;
T is the temperature in K and P the pressure in Pa.
As already mentioned, the present work employs ideal
assumptions and Eq. (2) turns into:

Y (x) =
P sat(x, T )

P
X(x), (3)

where P sat(x, T ) stands for the vapor pressure of the
molecule with index x at temperature T . Once again,
the analogy with the discrete case can be seen.

As it can be seen, those equations demand a method
to predict P sat(x, T ) as a function of the continuous
vector parameter x. This can be carried out with well-
established group contribution methods, as Joback
(1984) predictions for normal boiling point (Tb) and
critical coordinates (Tc and Pc). If x is the number of
groups in the molecular structure, the expressions are:

Tb(x) = 198 +
∑

∆Tb(x), (4)

Tc(x) =
Tb(x)[0.584 + 0.965

∑
∆Tc(x) − (

∑
∆Tc(x))2]−1 ,

(5)
Pc(x) = [0.113 + 0.0032Na −

∑
∆Pc(x)]−2, (6)

where Na stands for the total number of atoms in
molecule. All summations are performed over the
groups present on the molecule, accounting individ-
ual contributions of each of increments ∆Tb, ∆Tc and
∆Pc.

Equations (4) to (6) are required for the vapor pres-
sure prediction, which can be performed with the fol-
lowing equation (Gómez-Nieto and Thodos, 1978):

log(PR) = ξ

[
1

Tm
R

− 1
]

+ ϕ
[
T 7

R − 1
]
, (7)

where

ξ = −4.26700 − 221.79
s2.5exp(0.03848s2.5)

+
3.8126

exp( 2272.44
s3 )

,

(8)

m = 0.78425exp(0.089315s) − 8.5217
exp(0.74826s)

, (9)

s =
Tblog(Pc)
Tc − Tb

, (10)

τ =
1

TRb
− 1

1 − T 7
Rb

, (11)

χ =
1

T m
Rb

− 1

1 − T 7
Rb

, (12)

ϕ = τs + χξ. (13)

The equation of Gómez-Nieto and Thodos (1978)
was validated comparing the calculated vapor pres-
sures with corresponding values reported in the lit-
erature, for 113 substances. The average percent de-
viation was found to be 0.97 % (for more details, see
Gómez-Nieto and Thodos, 1978).

Table 1 below provides the necessary elements for
the calculation of Eqs. (4) to (6) for linear paraffins
in terms of each incremental substructure in a linear
alkane molecule:

Table 1 - Group contributions
Increments ∆Tc ∆Pc ∆Tb

−CH2− 0.0189 0 22.88
−CH3 0.0141 -0.0012 23.58

Finally, for a linear paraffin, Joback’s vector to ac-
count for incremental substructure in terms of x is
given by:

J(x) =
[ −CH2−

−CH3

]
=

[
x − 2

2

]
. (14)

Summations in Eqs. (4), (5) and (6) are then per-
formed as follows:

∑
∆Tc(x) = Jt(x)∆Tc(x) = 2.(0.0141)+(x−2)0.0189

(15)

∑
∆Pc(x) = Jt(x)∆Pc(x) = 2.(−0.0012), (16)

∑
∆Tb(x) = Jt(x)∆Tb(x) = 2.(23.58)+ (x− 2)22.88.

(17)

However, Joback predictions for normal boiling point
and critical temperatures are not accurate. The values
predicted by Joback method are considerably higher
than the experimental ones for a carbon number higher
than 13. Thus, in this work, we opted by the expres-
sion of Cordes and Rarey (2002) for boiling point tem-
peratures, as follows:
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Tb(x) =
∑

Niψi

n� + ν
+ ω, (18)

where 	 = 0.6713, ν = 1.4442, ω = 59.344 (adjustable
parameters), Ni is the number of groups of type i,
ψi is the group contribution of group i and n is the
number of atoms in the molecule (except hydrogen).
For a linear alkane, it is clear that n = x, since we
have only carbon and hydrogen atoms. For a −CH3

group, ψ = 188.555, and for a −CH2− group, we have
ψ = 250.119 (Cordes and Rarey, 2002).

For prediction of critical temperatures, the Equation
of Teja et al. (1990) was used:

1
Tc

= 6.26897 × 10−4 + 2.56086 × 10−3

(
1
2ς

+
1

ς1/2

)
,

(19)
where ς = −0.160864 + 0.9225x.

One can notice that, even not using Joback’s group
contribution method, the equations of Cordes and
Rarey (2002) and Teja et al. (1990) are also based
in a group contribution approach - which can be used
in a continuous context.

B. Constant Molar Overflow Assumptions and
Resulting System of Equations

Consider the following equilibrium stage of a contin-
uous distillation column (with descendent enumera-
tion):

Figure 1: Equilibrium Stage j at temperature Tj and
pressure Pj .

In Fig. 1, F , V , L, W and U represent, respectively,
molar flow rates of feed, vapor, liquid, and sidestreams
of vapor and liquid (in mol/s); βj represents the ther-
mal condition of feed; subscripts represent individual
equilibrium stages (top condenser being the first and
reboiler the last of them). The column operates with
partial condenser and partial reboiler and has N equi-
librium stages. Gaseous streams DFs are denoted by
Y (x) - with the corresponding subscript - and liquid

streams are characterized by a DF denoted by X(x),
while the feed is characterized by Z(x). The feed
stream DF was chosen to be a gamma distribution
with ε and η parameters:

Z(x) =
εη+1xη exp(−εx)

Γ(η + 1)
. (20)

This DF obeys the normalization constrain repre-
sented by Eq. (1) and is able to emulate a discrete
case where a single molecule is present:

lim
η, ε → ∞

ε
η = d

= δ(x − d), (21)

where δ is the Delta Dirac function. Eventually, multi-
modal distributions are needed, and can be described
by the following equation:

Z(x) =
m∑

i=1

Ci
εηi+1
i xηi exp(−εix)

Γ(ηi + 1)
, (22)

where
∑m

i=1 Ci = 1, in order to maintain the normal-
ization condition.

Any stage (including condenser and reboiler) can be
described by the MESH equations, as follows:

FjZj(x) + Vj+1Yj+1(x) + Lj−1Xj−1(x)
−(Vj + Wj)Yj(x) − (Lj + Uj)Xj(x) = 0,

(23)

Yj(x) = k(x, T )Xj(x), (24)

∫ ∞

0

Xj(x)dx − 1 = 0, (25)

∫ ∞

0

Yj(x)dx − 1 = 0, (26)

FjH̄Fj + Vj+1H̄V j+1 + Lj−1L̄Lj−1

−(Vj + Wj)H̄V j − (Lj + Uj)H̄Lj = 0.
(27)

The constant molar overflow (CMO) assumptions
(also called McCabe-Thiele approximations) are suit-
able in distillation problems with close-boiling compo-
nents, in order to avoid the need of energy balances. In
continuous sense, CMO assumptions are a consequence
of the following forms for the saturation enthalpies for
liquid and vapor phases (see Appendix 1):

H
sat

V = A +
∫ ∞

0

b(x)Y (x)dx, (28)

H
sat

L = a +
∫ ∞

0

b(x)X(x)dx, (29)

where the superscript sat refers to a saturation condi-
tion. The difference A−a represents the molar heat of
vaporization of the mixture (which is considered con-
stant). Within this approximation, it can be shown
that the enthalpy for a feed stream F is given by:
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HF = Aβ + a(1 − β) +
∫ ∞

0

b(x)Z(x)dx, (30)

where the thermal condition of F is expressed by the
vaporized fraction β = VF

F . As consequences of Eqs.
(28)-(30), we have:

Vj+1 = Vj + Wj − Fjβj − Q̇j/λ, (31)

Lj = Lj−1 − Uj + Fj(1 − βj) − Q̇j/λ, (32)

Equations (31) and (32) can be verified using (28)-
(30) into Eq. (27) and considering the material bal-
ance equation [Eq. (23)].

III. NUMERICAL PROCEDURE

If CMO assumptions are valid for a thermodynamic
system, Eqs. (31) and (32) can be used instead of, for
instance, Eqs. (25) and (27). It is possible to note
that Eqs. (31) and (32) represent a linear system of
equations that must be solved for Vj (j = 1, ..., N), Lj

(j = 1, ..., N) and Q̇j (j = 1, ..., N). We consider that
all side-streams flow rates are specified. This system
has 3N variables and 2N equations; then, if one specify
Q̇j (j = 2, ..., N − 1), external reflux ratio (R) and
distillate flow rate (V1), as follows:

L1 − R(V1 + Uspec
1 + W spec

1 ) = 0, (33)

V1 − V spec
1 = 0, (34)

the number of degrees of freedom is zero.
Thus, all molar flow rates in the entire column

are determined (and heat duties in condenser and re-
boiler), and now the problem consists only on deter-
mination of DFs for gaseous and liquid streams and
temperatures in each stage.

Once integrals as Eq. (26) are accessed through
some numerical procedure like:

∫ ∞

0

Y (x)dx ∼=
n∑

i=1

wiY (xi) = wtY, (35)

where xi and wi are, respectively, n collocation points
and weights of the procedure, one can easily see that
DFs are only calculated on some particular points (Y);
if information additional is needed, an interpolation
can be conducted. Therefore, if we denote by Xj and
Yj the collocated DFs of stage j, system (23), (24)
and (26) becomes:

FjZj + Vj+1Yj+1 + Lj−1Xj−1

−(Vj + Wj)Yj − (Lj + Uj)Xj = 0,
(36)

Yj = diag
[
P sat(x, Tj)

P

]
Xj , (37)

wtYj − 1 = 0. (38)

In Eq. (37), diag refers to a diagonal matrix.
The system of equations (23), (24) and (26) is com-

pletely analogous to the one devoted to the simulation
of a column with n discrete components (in this case
wi = 1 for every i). Even though for many years distil-
lation of complex mixtures was accessed through the
usage of pseudo-components, the choice of such species
was usually based on chemical and physical proper-
ties which lead to poor results. With the present ap-
proach, the criteria is purely mathematical (and aims
DFs complete calculation) and properties can be com-
pletely recovered at any time.

The system is solved for vapor and liquid compo-
sitions and temperatures only in collocation points,
using a simultaneous-correction procedure (Naphtali
and Sandholm, 1971), as usually is done in distillation
problems.

IV. NUMERICAL RESULTS

Simulation results are obtained for a feedstock char-
acterized as represented in Table 2 (Wojciechowski,
1996). Adjusting this characterization for a gamma
distribution [Eq. (20)], using a Maximum Likelihood
procedure, the parameters obtained are ε = 0.9885
and η = 10.0022 (Peixoto, 1996). Table 3 presents
the column specifications. The column operates with
a partial condenser and a partial reboiler and the feed
is considered saturated liquid.

Table 2 - Feed characterization
Carbon Number Molar Fraction
6 0.0143
7 0.0481
8 0.0956
9 0.1287
10 0.1343
11 0.1282
12 0.1081
13 0.0894
14 0.0708
15 0.0573
16 0.0444
17 0.0341
18 0.0241
19 0.0153
20 0.0074

Table 3 - Column Specifications
Number of Stages 10
Feed Stage 6
Feed flow rate 100 gmol/s
Reflux ratio 1.2
Column pressure 1 bar
Distillate flow rate 40 gmol/s

In order to validate the results obtained using the
continuous approach, a discrete simulation was per-
formed using PRO/IITM Simulator (licensed by Escola
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de Qúımica/UFRJ)1. In this simulation, we consider
ideal vapor and liquid phase (which is reasonable, con-
sidering a mixture of linear paraffins). However, the
assumption of constant molar overflow was not used.
Fig. 2 presents the composition of the distillate prod-
uct - calculated using continuous modelling and the
simulator PRO/II. For the discrete simulation (using
the PRO/II simulator), DFs refer to the molar frac-
tions of each component. The same objects are plotted
for the bottom product in Fig. 3. In these figures, the
index x refers to the number of carbon atoms in the
alkane. The temperature profile in the column, using
both approaches, is presented in Fig. 4.

A good agreement between continuous and discrete
results can be observed, indicating the capability of the
proposed methodology to predict the behavior of com-
plex mixtures (containing very many components), in
a separation equipment. We consider that the differ-
ences in temperature profiles are, essentially, conse-
quences of using group contribution correlations for
normal boiling points and critical coordinates, since
the equation of Gómez-Nieto and Thodos can predict,
with low deviations, vapor pressures for linear alkanes.
Besides, the CMO assumption (used in our continu-
ous approach) is a good approximation for this kind
of mixture.

Figure 2: Compositions for distillate product.

V. CONCLUSIONS

This work aims the modelling of distillation columns,
in which a continuous mixture is fed, using a choice
for the continuous index not previously used for that
purpose. We illustrate some advantages of our choice
with respect to choices (see, for example, Kehlen and
Rätzsch, 1987; Rätzsch et al., 1989) previously used in
the literature.

1PRO/II is a trademark of Invensys plc., its subsidiaries and
affiliated companies.

Figure 3: Compositions for bottom product.

Figure 4: Temperature Profile.

A steady-state simulator was implemented, based
on a simultaneous-correction method for the solution
of the system of non-linear equations (in the colloca-
tion points) for compositions and temperatures in each
tray of the column. Calculations of flow rates in each
section of the equipment were done solving a linear
system of equations, which is a consequence of decou-
pling of material and energy balances generated by
CMO assumptions.

Results are presented for a feedstock characterized
by Wojciechowski (1996), and illustrate the split ob-
tained in distillate and bottom products. The re-
sults were compared with the discrete approach, us-
ing PRO/II simulator (which does not consider CMO
in each section of the column), and a good agreement
was obtained.

As discussed previously, for many years the distil-
lation of complex mixtures was accessed through the
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usage of pseudo-components, and the choice of such
species was usually based on chemical and physical
properties which lead to poor results. With the present
approach, the criterion is purely mathematical (and
aims DFs complete calculation) and properties of top
and bottom products of the column (and even in a
particular tray in the column) can be completely re-
covered at any time.

Nomenclature

Q̇ Heat duty

J(x) Joback’s vector

A Constant in Eq.(28)

a Constant in Eq.(29)

b(x) DF used in CMO assumptions

Ci Weights in Eq. (22)

cp(x) Molar heat capacity DF for liquids

F Feed molar flow rate

f(x) Distribution function

H Molar enthalpy

k(x, T ) Vapor-liquid equilibrium ratio

L Liquid molar flow rate

m Paremeter defined in Eq. (9)

MESH Material balance, Equilibrium, Summation
and Energy balance equations

Na Number of atoms in a molecule

Ni Number of groups of type i

P Pressure (Pa)

P sat Vapor pressure

Pc(x) Critical pressure

PR Reduced pressure

R External reflux ration (top)

s Parameter defined in Eq. (10)

spec Specified Variable

T Temperature (Kelvin)

Tb(x) Normal boiling temperature

Tc(x) Critical temperature

TR Reduced Temperature

TRb Reduced normal boiling temperature, Tb

Tc

U Liquid sidestream

V Vapor molar flow rate

W Vapor sidestream

wi Weights of quadrature

x Continuous index

X(x) Liquid DF

Y (x) Vapor DF

Z(x) Feed DF

diag Diagonal matrix

β Thermal condition of the feed

χ Parameter defined in Eq. (12)

∆Pc Group Contribution (Joback Method)

∆Tb Group Contribution (Joback Method)

∆Tc Group Contribution (Joback Method)

δ Delta Dirac function

ε Parameter of gamma distribution

η Parameter of gamma distribution

η(x) Enthalpy of formation DF

Γ Gamma function

γ Parameter of Eq. (40)

λ Molar heat of vaporization

ν Parameter of Eq. (18)

ω Parameter of Eq. (18)

φ(x) Fugacity coefficient DF

ψi Group contribution of group i [Eq. (18)]

τ Parameter defined in Eq. (11)

θ Parameter of Eq. (42)

ϕ Parameter defined in Eq. (13)

	 Parameter of Eq. (18)

ς Parameter of Eq. (19)

ξ Paremeter defined in Eq. (8)
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APPENDIX 1 - SATURATION
ENTHALPIES FOR VAPOR AND LIQUID
PHASES UNDER CMO ASSUMPTIONS

Suppose that molar enthalpy of the liquid phase can
be represented by:

HL =
∫ ∞

0

X(x)(η(x) + cp(x)(T − T0))dx, (39)

where η(x) represents the enthalpy of formation DF
at temperature T0 and pressure P , cp(x) is the molar
heat capacity DF for liquids. The liquid phase can be
described as an ideal phase. It is assumed that satura-
tion locus of bubble temperatures can be represented
by (under constant pressure):

T − T0 = γ +
∫ ∞

0

β(x)X(x)dx. (40)

Thus, saturation enthalpy can be expressed as:

H
sat

L =
∫ ∞
0

η(x)X(x)dx + (T − T0) ×
∫ ∞
0

cp(x)X(x)dx
(41)

Defining θ as follows:

θ =
∫ ∞

0

cp(x)X(x)dx. (42)

Eq. (41) can be wrote as:

H
sat

L =
∫ ∞

0

η(x)X(x)dx + θ

(
γ +

∫ ∞

0

β(x)X(x)dx

)
.

(43)
Thus:

H
sat

L =
∫ ∞

0

η(x)X(x)dx + θγ +
∫ ∞

0

θβ(x)X(x)dx,

(44)

H
sat

L = a +
∫ ∞

0

b(x)X(x)dx, (45)

where a = γθ and b(x) = θβ(x) + η(x). A similar
deduction can be conducted in order to obtain Eq.
(28).
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