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Abstract  In this contribution, effectiveness fac-

tor (�) calculations are performed by a perturbation 

and matching technique developed by the authors 

which takes into account both the intrinsic kinetic 

expression and external heat and mass transfer resis-

tances. The simplified method of Papadias et al. 

(2000) was used to consider the non-uniform wash-

coat thickness usually present in monolith channels. 

As a result a global effectiveness factor (�o) is calcu-

lated at each point on the grid to simulate monolith 

reactor performance. The procedure was tested to 

predict experimental findings taking into account the 

actual kinetic expression to describe CO oxidation 

on Pt catalyst. Agreement among theoretical predic-

tions and Ullah et al. (1992) and Holmgren and An-

dersson (1998) experimental results are fairly good.  

 Keywords  Monolith reactor, Diffusion, Reactor 

engineering, Effectiveness factor.  

I. INTRODUCTION 

Catalytic monolith reactors are widely used to reduce 

emissions of undesired products in automotive exhaust 

gases; the abatement of NOx emitted in the stack gases 

from power stations by the selective catalytic reduction 

processes, and the catalytic combustion of volatile or-

ganic compounds (VOCs) (Cybulski and Moulijn,1994; 

Heck et al., 2001). Monoliths are increasingly under 

development and evaluation for many new reactor ap-

plications. As a consequence, the studies with mono-

lithic catalysts are now more and more relevant in areas 

outside traditional chemical engineering and catalysis, 

e.g., energy fields such as production, car manufactur-

ing and pollution control.  

A monolith reactor is an array of channels with hon-

eycomb like structure. The monolith catalyst is a struc-

tured substrate (e.g., cordierite, a material having a low 

thermal expansion coefficient) which is covered with a 

layer (washcoat) of material that serves as a catalyst. 

The low pressure drop of the monolith, compared to a 

packed catalyst bed, is a great and important advantage. 

When a monolith reactor operates the reactants must be 

transported from the bulk fluid phase to the solid inter-

face. Then, they must diffuse and react into the catalytic 

washcoat in a simultaneous process. Due to the impor-

tance assigned to external mass transfer in monolith 

reactors, there have been several theoretical (Balako-

taiah and West, 2002) and experimental (Holmgren and 

Andersson, 1998; Uberoi and Pereira, 1996) studies on 

this subject. Therefore, various external mass transport 

correlations are available for typical monolith reactor 

applications and for different channel geometry. 

Several researchers, recognizing that washcoat lay-

ers are thin (e.g. 10 – 100 �m), have assumed that the 

effect of the internal mass transport is negligible (i.e. 

effectiveness factor of one) (Ullah et al., 1992; Uberoi 

and Pereira, 1996). Other studies have considered first 

or pseudo-first order kinetic expressions for the intrinsic 

chemical reaction (Groppi et al., 1995), oversimplified 

kinetic expression (Holmgren and Andersson, 1998) or 

global kinetics that included pore diffusion. Notwith-

standing the small washcoat thickness, the influence of 

internal diffusion is significant for many reactions under 

operation conditions usually found in practice (Leung et 

al., 1996; Hayes et al., 2004).  

Diffusion and reaction inside the washcoat are char-

acterized by the intrinsic effectiveness factor �. Mean-

while the global effectiveness factor �o is used to quan-

tify the combination of limitations, the internal resis-

tance (washcoat) and the external mass transfer. The use 

of the full expression of the intrinsic rate of reaction is 

necessary to account for the effect of the internal wash-

coat mass transport resistance. However, for complex 

non linear kinetic expressions the effectiveness factor 

calculation becomes computationally expensive. The 

solution of the heat and mass balance differential equa-

tions is quite difficult. Besides these difficulties, when a 

honeycomb like catalyst is prepared, there is a tendency 

for the coating to accumulate in the corners of monolith 

channel. Therefore, the varying thickness of the cata-

lytic washcoat should be considered to estimate effec-

tiveness factors. Papadias et al. (2000) reported a sim-

plified method to calculate effectiveness factor in non 

uniform washcoat shapes. They proposed dividing the 

washcoat into a series of slices (or particles side by side 

on the monolith wall). A variable effectiveness factor �i 

in each slice is calculated using a 1D analysis, assuming 

a characteristic length for each slice (Lci) as the ratio 

between its area (Ai) and the length of the fluid solid 

interface (Li): 

                          

i

i
ci

L

A
L � .             (1) 

Finally, by considering an approximate average surface 

concentration all over the washcoat perimeter, the aver-
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age intrinsic effectiveness factor for the whole washcoat 

can be estimated in terms of a weight factor (�i), de-

fined as the fraction of the washcoat in the slice (Aris, 

1957): 

    ��
i

ii ��� .              (2) 

The literature offers a great deal of attention to es-

tablish accurate predictions of heat and mass transfer 

coefficients mainly through empirical correlations. 

Clearly, it was thought that the external convective re-

sistances were dominant since the reaction would only 

take place on the solid-fluid interface. It is interesting to 

note that in such a case most of the valuable catalytic 

species dispersed in the washcoat were not used and 

consequently the effectiveness factor for the reaction 

would be very small. On the other hand when the rate of 

reaction is very slow, the effectiveness factor is almost 

one. However the length of the reactor, to achieve the 

desired conversion, is very large from a practical and 

economic point of view.  Thus, it is not surprising that 

the working regime, of most well known operating 

monolith reactors, is the intermediate with effectiveness 

factors ranging 0.4 to 0.8.  However at these intermedi-

ate values the influence of both, kinetic expression and 

washcoat geometry, cannot be oversimplified to esti-

mate accurate effectiveness factors along the reaction 

length. It should be stressed that this estimation must be 

performed repeatedly at each point of the grid, to simu-

late the performance of a monolith reactor.  

In this contribution � calculations are performed by 

an early perturbation and matching technique developed 

by the authors (Gottifredi and Gonzo, 1986) which al-

lows very accurate � estimates taking into account both, 

the actual kinetic expression to properly describe the 

chemical event and the influence of heat and mass trans-

fer coefficients. Papadias method is used to take into 

account the proper washcoat resulting geometry which 

usually presents a non uniform thickness along the flow 

section perimeter as shown below (Fig. 1). As it will be 

shown, the whole procedure to calculate � at each point 

of the grid is carried out very fast since a non linear al-

gebraic equation must be solved; whose initial guess, 

can be assumed from the final values of the previous 

point at the grid.  

Reactor behavior predictions are compared with ex-

perimental results. An excellent agreement is found in 

all cases. To estimate external fluid flow convective 

transport coefficients most accepted correlations were 

used. However we found interesting to establish the 

parametric sensitivity of conversion in relation to the 

values of these transport coefficients. The results are 

very attractive since, although the effect of coefficients 

is important in establishing the concentration, and even-

tually temperature variations between bulk fluid and 

interfacial values, the overall effect on reactor conver-

sion is negligible. As a whole this contribution presents 

a number of original results in the specific field of 

monolith reactor performance.  

II. MATHEMATICAL 

The global and intrinsic effectiveness factors estimation 

were carried out according to the procedure presented 

by Gottifredi and Gonzo, (2005) (Gomez-Barea and 

Ollero, 2006). The dimensionless continuity equation 

for the key component in a washcoat slice assuming 

constant effective diffusivity, isothermal condition 

within the catalyst layer and single reaction can be writ-

ten as: 

           )(2

2

2

CR
dx

Cd �� ,      (3) 

where ),( zxC  and 
srrCR /)( � , are the dimensionless 

concentration and rate of reaction  related to its wash-

coat surface value at each point in the reactor.  

)/(22

sefsci CDrL	
 ,      (4) 

�  is the Thiele modulus,
efD the key component effec-

tive diffusivity and x the dimensionless washcoat coor-

dinate, respectively.  

Equation (3) must be solved subject to the following 

boundary conditions: 
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 at 0x ,       (5) 
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where  *

sC  and *

sT  are dimensionless surface concentra-

tion and temperature with respect to its bulk fluid value 

at each point of the monolith reactor, and 
imB  and 

ieB  

denotes Biot numbers for mass and energy fluid film 

transfer, respectively:  
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gAk  and 
eh  are the mass and heat transfer coefficients, 

Teffk  the effective thermal conductivity of the washcoat, 

and 
cGL  the global characteristic length defined as the 

ratio between the washcoat total cross section and the 

fluid-washcoat interface perimeter. 

Consequently �  is calculated from: 
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where 
0)  is the Prater number. 
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The subscript “0” is used for parameters calculated 

at the bulk fluid phase conditions. The intrinsic effec-

tiveness factor was calculated using the following ex-

pression (Gottifredi et al., 1986): 

   � �� � 2/12*2* exp
���� ��	 a ,      (13) 

where 

  
21 ��a     2* p

 � ,      (14) 

2/1
1

0

)(2 �
�


�
�

�
� � dCCRp   

3

)1('* R�� ,     (15) 

and 

                  
p

�� �* ,          (16) 

R’(1) is the first derivative of R(C) respect of C evaluate 

at C=1. 

Therefore, besides effectiveness factors, � and �0, 

temperature and reactant concentrations on the wash-

coat-fluid interphase are calculated at each point of the 

axial reactor position by a trial and error algebraic pro-

cedure. 

III. RESULTS AND DISCUSSION 

Let us consider a square monolith channel of side (L) 

covered by a non uniform washcoat layer. It is charac-

terized by the minimum washcoat thickness (�) and the 

radius of washcoat in the corner (Rc). For this type of 

geometrical configuration, symmetry allows to consider 

(1/8)th of  the total washcoat cross section (see Fig. 1). 

Using the normalized representation of a square 

channel presented by Papadias et al. (2000) (e.g. �N = � 

x 2 /L), the normalized characteristic geometric length 

(LciN) of a slice is given by (Fig. 1): 

         
NNRA ���� 1 ,              (17) 

“A” being the coordinate of point (A, A) in the normal-

ized square channel (Fig. 1). The segments: 

    )tan()1( �� ���� Adb ,                 (18) 

               �tan)1( Acb �� .                 (19) 

Then 

islicePerimeter

isliceArea
LciN �  

 
Figure 1: A quarter square channel normalized cross-section. 

In grey a washcoat slice. 
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Provided the values of the radius of washcoat in the 

corner (Rc), the minimum washcoat thickness (�) and 

the side of a particular monolith sample (L); parameters 

A, RN and �N can be calculated. 

Nevertheless, there are several works that have con-

sidered a uniform washcoat characterized by the global 

length (
cGL ). 

A. Reactor Simulation 

Concentration and temperature profiles, along a mono-

lith channel, obtained by the simple but accurate method 

for estimating effectiveness factor for the specific case 

of CO oxidation reaction are investigated in this section. 

Estimates obtained with the procedure here presented 

are compared with experimental findings of Ullah et al. 

(1992) and Holmgren and Andersson (1998). 

A single monolith one-dimensional model channel 

with square cross section has been developed under the 

following assumptions: 

1) Steady – state conditions. 

2) Laminar flow: i.e. Reynolds number lower 

than 600. (Re ! 600). 

3) Single adiabatic or isothermal channel. For 

adiabatic operation, there is no heat exchange 

through the connecting walls. 

4) No conducting wall in the axial direction.  

Using the heterogeneous one dimensional model (Bi-

schoff and Froment, 1980), accounting for interfacial 

and intra-washcoat gradients, key component conver-

sion (X) and temperature (T ) axial changes over an 

elementary monolith reactor volume may be written as: 

   )(00 Hr
CpGdz

dT V "#$$%
&

''(
) *� + ,       (23) 

   
000

r
Fdz

dX

CO

V +$$%

&
''(

) *,� .        (24) 

Here, 
V-  is the washcoat to monolith channel volume 

ratio, G the total mass velocity (g/m2 s), . the total 

cross section of the monolith channel (m2), Cp the spe-

cific heat of the mixture (cal/g K), 0

COF  the key compo-

nent flow rate at the reactor entrance (mol/s) and /H the 

heat of reaction (cal/mol). 

It must be noticed that the appropriate definition of 

00 allows to deal with a plug flow homogeneous reactor. 
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 This is so, because in �0 calculation the fluid dy-

namic of the system was taken into account through the 

interphase mass and heat transfer coefficients (Biot 

numbers).  

B. Reaction Rate Kinetic Expression 

Kinetic expression and parameter values for CO oxida-

tion over Pt supported catalyst were taken from Oh and 

Cavendish, (1985): 

                       CO + ½ O2 �  CO2 ,        (25) 
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Where k1, also depends upon platinum surface concen-

tration. To estimate its value, in terms of unit washcoat 

volume, a surface site density of 1.25 1019 Pt surface 

atoms per metal area and a washcoat density of 1.3 

g/cm3 were assumed. In each experimental case studied, 

the corresponding washcoat platinum loading and dis-

persion was utilized.  

C. Heat and Mass Transfer Coefficients 

In this work the Holmgren and Andersson, (1998), cor-

relation for heat and mass transfer coefficients calcula-

tions were used. Assuming Colburn analogy applies, the 

same correlation can be used for Sh and Nu numbers: 

 )/Re0298.0exp(53.3 zh LdScSh � ,     (29)  

As usual, Pr replaces Sc to calculate Nu. Lz  is the reac-

tor length and dh the hydraulic diameter of the channel.  

In all cases, fluid properties were evaluated at an aver-

age temperature between washcoat surface and bulk 

temperatures. It must be pointed out that negligible con-

version differences have been found when Uberoi and 

Pereira (1996) correlations were used. 

D. Properties Temperature Dependence 

The temperature [K] dependence of the gas mixture 

properties, at 101.3 kPa, has been accounted for accord-

ing to the following equations (Bird et al., 2002): 

Ksm

cal
TkTg

75.0510336.9 �� , 

sm

g
Tg

67.041009.4 ��� ,               (30) 

3

15.341257
m

g
Tg

��� . 

The molecular diffusivity of compounds (reacting 

species) in the gaseous mixture was calculated accord-

ing to Fuller method (Poling et al., 2004): 

s

m
TDCO

2
75.110101446.9 �� , 

and                          (31) 

COO DD 0115.12 � . 

Specific heat as well as the heat of reaction varia-

tions have been neglected due to the smooth dependence 

with temperature. In the 500 – 700 K range a value of 

Cp = 0.2594 cal/g.K and �H = - 67777 cal/mol, were 

used. 

Taking into account the typical morphology of �-
Al2O3 washcoat Pt catalyst, the effective diffusivity for 

CO in the washcoat was estimated from (Hayes and 

Kolaczkowski, 1994):  

   
s

m
TDCOef

2
4.19108.2 �� ,       (32) 

and 

   
COefefO DD 935.02 � .             (33) 

 A constant effective washcoat thermal conductivity, 

09556.0�Teffk cal/m.s.K, was used as previously re-

ported (Gonzo, 2002). 

Pressure drop in the experimental cases studied was 

relatively low. A figure of 1.2 kPa, near 1% of the total 

pressure, was found in the experiments carried out by 

Ullah et al. (1992). While in the Holmgren and Anders-

son (1998) case, �P is 86 Pa. Due to the small pressure 

changes along the channel found in both cases; constant 

pressure along the reactor was assumed. 

D. Global and Intrinsic Effectiveness Factors 

Taking into account kinetic expression given by Eq. 

(26), the dimensionless rate of reaction R(C), using CO 

as the limiting reactant, is: 

   � �� �

� �
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Thus, the intrinsic effectiveness factor was calculated 

using the expression (13) with: 

   
)1(

1)1(
)1('

K

KK
R

%

&%%$
� ,       (37) 

E. Comparison with Experimental Results 

A) Ullah et al. (1992) carried out their experiments un-

der isothermal conditions, using a commercial monolith 

of cordierite with a cell density 62 cell/cm2. Experi-

ments were started with a 15 cm long ceramic monolith 

core. After completion of the initial run, the monolith 

core was removed and cut 1 or 2 cm before being rein-

serted in the reactor for a new run. Thus, outlet CO con-

versions for different reactor length were obtained.  

The inlet gaseous mixture was 0.5 mol% CO, 0.25 

mol% O2, with the balance N2. A total mass flow rate of 

5.24 10-3 g/s in each channel was used. The monolith 

characteristics are: L= 1mm; ' = 10 (m, A = 0.325.  
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The bulk concentration profiles along the reactor, 

considering a 1% Pt catalytic washcoat with 55% dis-

persion, are shown in Fig. 2. In this figure, the bulk CO 

concentration estimated with our procedure (non uni-

form washcoat), and using LcG (the global characteristic 

length, uniform washcoat), are compared with the ex-

perimental results observed by Ullah et al. (1992), at 

623 K. Fitting with the procedure herewith presented is 

remarkably good, especially when the washcoat non 

uniformity was taken into account. 

 Figure 3 shows the values of the intrinsic and global 

effectiveness factors along the reactor, estimated consi-  

dering the non uniform washcoat. 

The global effectiveness factor changes from 0.621 

at the entrance to 0.872 at the outlet, with a minimum of 

0.585 at z = 0.9 cm from the reactor entrance. In this 

case the calculated Reynolds number was 172 and the 

Sherwood number 3.64. Consequently, the CO and O2 

mean mass transfer coefficients were 0.259 and 0.262 

m/s, respectively. 

0

10

20

30

40

50

60

70

80

90

100

0 1 2 3 4 5 6 7 8 9 10 11 12

Z (cm)

C
c
o

 (
m

o
l/
m

^
3
)

Cco Cco(exp) Cco(LcG)
 

Figure 2: CO bulk concentration estimated (our procedure), 

considering uniform washcoat (LcG); experimental results 

observed by Ullah et al.(1992). 
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Figure 3: Estimated intrinsic and global effectiveness factors 

along the reactor. Ullah et al.(1992) case. 

B) Holmgren and Andersson (1998) have also investi-

gated experimentally the CO oxidation, in an adiabatic 

monolith reactor. They used cordierite square monolith 

samples of 0.1 m long. Monoliths were coated with a 

catalytic washcoat consisting of 1% Pt on �-Al2O3. The 

hydraulic diameter of the square monolith was 2.09 mm 

with a minimum washcoat thickness of 87 �m and A = 

0.404. Mass flow was kept at 4500 g/m2.s, which im-

plies a Re of 300 in the channel, and 1% CO concentra-

tion in air, was fed. Initial pressure and temperature 

were 101.3 kPa and 573 K, respectively. A Pt dispersion 

of 25% (Holmgren and Andersson, 1998) was used to 

calculate 1k . Isothermal conditions within the washcoat 

were assumed, since under maximum CO concentration, 

Prater number (maximum dimensionless temperature 

gradient in the washcoat) was �o = 4.83 10-3. Fig.4 

shows CO conversion along the reactor. It should be 

noticed that in this experiment concentration was only 

measured at the reactor exit. Its reported value agrees 

fairly well with the obtained estimate with our proce-

dure taking into account full kinetic expression. 

In Fig. 5, differences between the bulk fluid and 

washcoat surface temperatures and percent relative dif-

ference concentration [(C0 - Cs)/C0]%, along the reactor 

are presented. The bulk fluid and washcoat surface tem-

peratures vary from 573K to 588.2K and from 660.4K 

to 662.4K, respectively. The relative concentration dif-

ference [(C0 - Cs)/C0] varies from 0.21, at the reactor 

entrance, to 0.36, at the reactor exit, with a maximum of 

0.47 at z = 4.5 cm. This indicates a strong external mass 

transfer resistance. Fig. 6 presents global and intrinsic 

effectiveness factor values along the reactor. While �0 

varies from 1.27 to 0.19 with a minimum of 0.172 at z = 

7.2 cm, � changes from 0.7646 to 0.404, with a mini-

mum of 0.347 at z = 5.76 cm.  
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Figure 4: CO conversion along the reactor. (�) Exit conver-

sion experimental value. Holmgren and Andersson (1998).  

The effect of mass and heat transfer coefficient val-

ues on conversion was also simulated for the particular 

Holmgren and Andersson (1998) case. The coefficients, 

as estimated by the correlations Eq. (29), were then in-

creased 10%, 20% and 40%, and the reactor perform-

ance simulation was carried out for each case.  

Figures 7 and 8 show concentration and temperature 

differences between bulk and interfacial values along 

the reactor, showing a mild effect in relation with the 

normal case. However the effect on conversion along 

the reactor becomes negligible as can be seen in Fig. 9. 

The main reason to explain these results is that the over-

all effectiveness factor, �0, is only slightly modified in 

every step of the reactor length. Thus a compensation 
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between external and internal resistances is produced 

which, as a whole, does not modify �0 and consequently 

conversion. In actual facts our numerical results shows 

that the maximum deviation in �0 presents a maximum 

decrease of 6% at reactor entrance and after 1 cm from 

the entrance there is no sensible difference between �0 

values although transfer coefficients have been in-

creased up to 40%.   
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Figure 5: Difference between the bulk fluid and washcoat 

surface temperature and percent relative difference concentra-

tion [(C0 - Cs)/C0]% along the reactor. Holmgren and Anders-

son (1998) case. 
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Figure 6: Average global �o and intrinsic � effectiveness factor 

along the reactor.  
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Figure 7: Parametric sensitivity of heat and mass transfer 

coefficients values on concentration differences between bulk 

and interfacial values along the reactor. Holmgren and 

Andersson (1998) case. 
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Figure 8: Parametric sensitivity of heat and mass transfer coef-

ficients values on temperature differences between bulk and 

interfacial values along the reactor. Holmgren and Andersson 

(1998) case. 
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Figure 9: Parametric sensitivity of mass and heat transfer coef-

ficients values on conversion. Holmgren and Andersson 

(1998) case. 

IV. CONCLUSIONS 

This contribution presents a simple, accurate and fast 

procedure to predict monolith reactor performance by 

taking into account realistic kinetics, external and inter-

nal mass and heat transfer resistances as well as geomet-

rical parameters to describe non uniform washcoat 

thickness along reactor section perimeter. It was devel-

oped from a simple and accurate method to predict ef-

fectiveness factor with complex kinetics and a one di-

mensional model able to describe non uniform washcoat 

thickness. 

As a result the global effectiveness factor (�0) can be 

calculated at each point of the grid by a simple algebraic 

iterative routine, where the initial guess of the depend-

ent variable is taken from the previous point on the grid. 

The simulations presented in this work have clearly 

shown a fair agreement with experimental finding tak-

ing into account the true kinetic expression to describe 

CO oxidation on Pt catalyst, which is most acceptable 

for engineering purposes. 

The agreement among our theoretical predictions 

with Ullah et al. (1992) reported conversion results 

along the reactor length are fairly good. It is also shown 

that both intrinsic kinetics and washcoat thickness varia-

tions are needed to achieve these good levels of agree-

ment. 
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Almost the same conclusion can be drawn when our 

predictions are compared with overall conversion re-

ported by experimental investigation of Holmgren and 

Andersson (1998). In this case however the only com-

parison that can be established refers to reactor exit 

conversion. 

From each simulation a number of interesting results 

can be extracted. The changing role of internal and ex-

ternal transfer resistances was clearly shown. In fact, as 

reaction proceeds along the reactor, concentration de-

pletion between bulk fluid and washcoat surface 

changes from a very modest value to almost 50%. Thus, 

as expected, the external resistances play an increas-

ingly important role as conversion increases along the 

reactor although the internal diffusion - reaction phe-

nomenon can never be neglected.   
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