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Abstract Surface mesh optimization represents 

a challenge especially when it corresponds to an 
evolving geometry used in numerical simulations 
where the mesh is restricted to an enclosed volume 
and requires the preservation of certain features. In 
this context, we propose an efficient and paralleliza-
ble method to retrieve the local volume after per-
forming successive operations, such as smoothing 
and topological changes that optimize the quality of 
the triangles. Due to the complexity of this algo-
rithm, GPU is used as a calculation unit to reduce 
processing time. 

Additionally, we present a simple and robust de-
tection of singularities that helps to preserve the ap-
pearance of the mesh during the remeshing process. 
This process is finally validated by the experimental 
study in simple geometries (such as spheres and reg-
ular polyhedra) and then applied to non-regular 
meshes obtained from segmentations of medical im-
ages or from CAD tools. 

Keywords Mesh generation, quality metrics, 
optimization, volume preservation. 

I. INTRODUCTION 

Quality surface mesh generation is still a geometric 
modeling issue in engineering simulations. The meshes 
used in these calculations require a given size in a space 
section and a minimum quality per element. In many 
simulations, such as fluid through a coronary artery, the 
meshes must also satisfy boundary conditions entered 
by the user.  

There are many methods for obtaining quality trian-
gulations, some are called direct methods, where the 
mesh is generated directly on the 3D surface using Oc-
trees (Schroeder and Shephard, 1990) or a frontal me-
thod (Dari et al., 1997). Other methods, called indirect, 
are parameterizations of the original mesh and generate 
a new domain sampling (Baker, 2004; Freitag and 
Plassman, 2000). Direct methods have difficulty in 
checking mesh validity, while indirect ones suffer from 
the complexity of defining the size and shape of the 
elements generated in another domain.  

Another type of widely accepted methods because of 
their efficiency consist in remeshing arbitrary triangula-
tions generated by CAD tools or by automatic recon-
struction methods, which often includes defective ele-
ments or with null area. This process, usually iterative, 
makes changes on the elements, either by adding or re-
moving vertexes, to make the mesh meet the size re-
quirements; and exchanges edges to improve quality. 
One of the first to use this strategy was Coupez (1994) 
who proposed restricted changes on the topology of the 

mesh, then extended by Heckbert and Garland (1999) 
who define a metric to choose the edges to be removed 
without affecting the appearance substantially and 
Suárez et al. (2009) who introduced a new method of 
subdivision to obtain better quality triangles. However, 
the greatest improvements in quality and efficiency 
come from relocating the vertexes applying local 
smoothing filters (Brewer et al., 2003) or softing the 
entire mesh, as in Sorkine et al. (2004).  

Another desirable feature of a mesh is the conserva-
tion of volume. This feature lets achieve more stable 
simulations in dynamical systems. It is well known that 
a simple procedure, such as Laplacian smoothing 
shrinks significantly the domain volume (Taubin, 1995). 
Therefore, the preservation of volume has been studied 
for many jobs in recent years (Zhang et al., 2005; Zhou 
and Huang, 2005). In this context, several methods 
where proposed to reduce errors such as volumetric 
boundaries or vertexes movement constrained to para-
meterized spaces (Frey and Borouchaki, 1998; Garimel-
la et al., 2002). Even with these restrictions, if smooth-
ing is frequently applied within an adaptive process it 
tends to accumulate errors. 

Our proposal is an iterative remeshing method, simi-
lar to Wang (2006) that attempts to achieve reasonable 
quality elements by reshaping the surface with elements 
of desired size and maintaining a minimum difference 
of volume through detection of singularities and projec-
tion of the vertexes. The main contribution is an indica-
tor to measure and then reduce the local volumetric er-
ror efficiently respect to a reference mesh, after intro-
ducing changes in topology or having completed a relo-
cation of vertexes by smoothing.  

The next section exploits in detail the steps of the 
method. The following one describes the data and strat-
egies to improve the quality of the elements. Then it is 
introduced the proposed volumetric difference estima-
tion and reduction using GPU and the last section shows 
some evaluation cases. 

II. OUR METHOD 
The proposed method has the objectives of efficiency, 
robustness, quality and preservation of the representa-
tion. From meshes generated by CADs tools or by au-
tomatic systems, it’s expected to obtain high quality 
meshes, performing the following steps:  
(1) Defining the initial mesh and the desired element 
size.  
(2) Remeshing the initial surface to meet the require-
ments of elements size and singularities preservation. 
The remeshing is conducted through local changes such 
as edges splitting or collapsing.  
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(3) Improving the quality of the elements through ver-
texes relocation and edges swapping. The vertex reloca-
tion is based on calculating the optimum position of the 
vertex within a surrounding environment. Both opera-
tions reduce the amount of defective triangles.  
(4) Measuring and reducing the volume differences be-
tween the modified mesh with the original one. It is 
estimated how much the mesh has moved away from its 
initial configuration, suggesting a local indicator and a 
process to reduce the gap.  

We have to remark that the design of the method is 
modular, it makes possible to change any of the algo-
rithms used in each step by another one in order to im-
prove efficiency or to reduce error. For example, to im-
plement a division of elements like the one shown in 
Suárez et al. (2009) is enough to change the responsible 
module of this task.  

Each stage is detailed in the following sections. 

A. Geometry description 
The first step in the process of mesh generation is to 
introduce the geometry description. The general me-
chanism is to use objects designed specifically for the 
problem using commercial CAD tools. However, it’s 
very rare that the system receives the mesh as required, 
because a CAD designer is only interested in a visually 
pleasing model without worrying about removing the 
parts that do not belong to the mesh and does not  pay 
attention if there is no a precise contact between them.  

The meshes generated by automated tools obtained 
from reconstructions of tomography images suffer from 
the same problems, although the time of definition is 
greatly reduced. There are a variety of these tools, most 
of which are intended to generate three-dimensional 
models for medical analysis. For example, in Jonas et 
al. (2009) it is used a Snakes based segmentation which 
from ultrasound images achieves reasonably surface 
meshes, but not good enough to use in a simulation.  

Regardless of how the geometry is generated, the in-
formation entered for the surface mesh generator is a 
triangulation. Generally, a mesh generator requires the 
boundary of the object without discontinuities, as could 
be vertexes in the same position but referenced by dif-
ferent elements. 

B. Specifying elements size  
To generate a finite element mesh, either surface or vo-
lume, you must specify the length of the edges of the 
elements for each point in space as a function h(x, y, z).  

This length can be controlled in various ways. In one 
of them, the user can specify the size through a volume 
mesh (Peiro et al., 1994). Another way is to use the cur-
vature as a metric for determining the required size 
which allows to obtain good precision in the surface 
representation (Borouchaki et al., 2000; Lee 2001). The 
curvature is especially useful if a parametric representa-
tion of the surface is used (Clausse et al., 2004).  

For this job, users specify the h function through a 
volume mesh. After the definition of the mesh size, the 
standard edge length is computed in a normalized way 
as in Frey (2000) and a range of acceptance is defined, 
the elements outside the range will be refined or thick-

ened. It is usually used 2DIVS  as a measure from 

which an edge is divided, and 1 2C O LS   as the extent 

of collapse. If an edge is longer than SDIV, then it is split-
ted, if the length is less than SCOL it’s collapsed.  

This procedure is suitable for adaptive re-meshed. In 
these situations it is important to get the value h effi-
ciently, requiring a classification strategy for searching 
through the volume mesh with minimal time. 

III. QUALITY IMPROVEMENT AND SIZE 
CONFORMATION 

The initial triangulation is not useful for numerical si-
mulations, as most triangles do not meet the require-
ment of size or quality. To produce appropriate meshes, 
we have to improve them (Frey and Borouchaki, 1999; 
Frey, 2000; Cougny, 1998; Vénere 1997), while pre-
serving certain characteristics or singularities of the 
meshes. Mesh improvement is performed via refinement 
and thickening, in addition to local operations such as 
edges swapping. It also requires vertex movement to 
improve the quality of elements (Wang et al., 2006).  

One of the most accepted ways to define the quality 
Q of each triangle T has the form of (Eq. 1) 

     2 2 21 2 3
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where AT is the area of the element T and LT
i

 
is the 

length of each edge. This is the approach used in the 
process outlined. 

A. Singularities detection 
The geometric feature detection is a critical step in pre-
serving the mesh volume after smooting or thickening 
the mesh.  

There are a variety of techniques for feature detec-
tion. In this work we use a technique proposed by Jiao 
(2006) based on a quadratic tensor analysis and imple-
mented using the connectivity information of the ele-
ments. The nodes are identified by analyzing the great-
est angle between the normals of their neighbors.  

Using this strategy you can find those nodes that are 
in a sharp region and preserve them along the remeshing 
process. These nodes are marked as singular ones, like 
in Fig. 1, and are differentially evaluated while the mesh 
is modified. After applying the changes to the mesh, e.g. 
when an edge is splited, new singular nodes can arise 
and you must recalculate them. 

 
Figure1. Edges connecting singular vertexes green colored 
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Figure 2. Case of diagonal swapping (left) original triangle 
(right) resulting triangle.  

B. Local changes 
To transform the mesh into one that meets the require-
ments for the finite element method, we use the tech-
nique presented in Vénere (1997), also adopted in Wang 
et al. (2006), and based on three types of local modifica-
tions:  
1. Node insertion dividing the edges of elements larger 
than SDIV.  
2. Edge collapse for those smaller than specified in SCOL.  
3. Swap of diagonals between neighboring triangles 
where it is possible and desirable, as shown in Fig. 2.  

This optimization technique called connectivity op-
timization in Wang et al. (2006), involves structural 
changes aimed to a partial improvement in the mesh. 
With the first operation nodes in low-densified sections 
are added, while with the second is the opposite opera-
tion. The swapping of diagonals is used to optimize the 
quality of the elements.  

Because we are working on a surface and not on a 
plane, we need to take certain additional considerations 
to avoid unacceptable changes of geometry. When you 
want to delete a vertex or an edge for collapse or swap, 
you must verify the condition of singularity. If both ver-
tices of an edge are singular, then the swap is ignored. If 
only one is singular, you must take care that the new 
configuration of triangles does not change the state of 
the vertex. This condition restricts the change of di-
agonals where the two triangles are quasi-coplanar (the 
dihedral angle is almost flat)  

This technique of 3 operations is exclusive to trian-
gular elements and generally produces non-structured 
meshes. Thanks to it, the obtained discretizations can 
have strong differences in densification, ensuring good 
quality of elements and making it suitable to use in an 
adaptive context. Another benefit of this method is its 
low computational cost, which allows users to work 
interactively. Under certain conditions, the method 
could be implemented on a parallel architecture. 

C. Vertex relocation 
The relocation means changing the position of the ver-
texes without changing the topology of the triangles 
related to them. In this case, the goal is to find an op-
timal position for the vertex on the surface.  

A simple algorithm for polygonal meshes smoothing 
is one called filter of relaxation or Laplacian (Plass-
mann and Bern, 2004). It consists of moving each node 
from the surface to the geometric center determined by 
its adjacent. This calculation produces a displacement of 
points and results in some loss of the original volume. 
Taubin filter (Taubin, 1995) is a variant of this form, 
which reduces the error of volume, but requires more 
evaluations for convergence.  

Other authors, like Frey and Borouchaki (1999) pro-
posed to parameterize the vertex set to a curved surface 
and move the points on it. If any of the points of the 
mesh is singular, you omit processing it or weighting its 
position respect to quality improvement. In the imple-
mented process, it’s applied a Laplacian smoothing 
omitting singular points and then, the solution mesh is 
approached to the original one using the proposed me-
thod of Reduction of the Volume Difference.  

D. Mesh densification 
If elements do not satisfy the requested size, they’re 
modified by inserting a vertex on the longest edges or 
by collapsing the shortest ones. This operation is within 
an iterative procedure that chooses lower quality items 
with respect to their size (compared to the parameters of 
division and contraction SDIV, SCOL respectively). To find 
them efficiently, it is useful to use structures that main-
tain an order of the elements by their normalized length, 
so the search time is minimal.  

In this case, we apply a Hashing–like technique, 
where the edges are sorted by normalized length. 
Groups that contain edges longer than SDIV are 
processed first and the group is dynamically updated. 
This ensures that the refinement is well done. Then, the 
same method is applied to shorter edges. This grouping 
technique results in a robust and stable procedure for re-
densification of the initial mesh. In case a smoothing is 
applied to the whole mesh, it is necessary to regenerate 
the structure, with a relatively low cost.  

In general, for the evaluated cases, we find that the 
number of contractions is smaller than the divisions of 
edges, so more cells in the Hashing are assigned to long 
edges. 

IV. REDUCING THE VOLUME DIFFERENCE 
BETWEEN MESHES 

A very important aspect of optimization is that the mesh 
be close to the original one, even after suffering several 
modifications. The criterion of detection of singular 
points is not sufficient, since it does not take into ac-
count the smoothed areas of the original mesh.  

Some authors (Baker and Pébay, 2003) propose a 
criterion for estimating the change in volume using the 
local variations in curvature, checking how much has 
changed from the original mesh, but it appears to be a 
poor approximation of the problem. An accurate mea-
surement is the one that takes into account the volume 
enclosed between the two used meshes, equivalent to 
the volume of the symmetric difference between the two 
sets (Fig. 3).  

Calculating the difference for non-oriented surface 
meshes in space is not a trivial task. Some strategies 
need to assess the entire domain in order to calculate the 
approximate distance between the two surfaces (Del 
Fresno et al., 2007), with a fairly high cost, especially 
when the algorithm is evaluated many times. In Sánchez 
Cruz and Dagnino (2007) it is proposed a measure of 
the difference between 3D voxelized objects as the ef-
fort W to move the voxels from an image of interest OI 
to a reference OR, in the form of (Eq. 2), 
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Figure 3: (left) original mesh superimposed to modified one 
(right) symmetric difference 
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where dist(ai,bj) represents the Euclidean distance be-
tween a voxel element from the set of interest to the 
reference set respectively, with a relative high calcula-
tion cost (about the square of the number of elements). 
Another way to calculate all the possible distances be-
tween pairs when bj has to be unique, is with a variant 
of Kuhn-Munkres algorithm (Bondy and Murty, 1976) 
(also known as the Hungarian algorithm). The cost of 
the Kuhn-Munkres algorithm is even higher (about the 
cube of the number of elements).  

This paper proposes a new local indicator based on 
the approximation of the volume enclosed by the two 
surfaces. To calculate it, we consider the (Eq. 3) where 
distances are now computed between the vertexes of the 
source mesh MI and the triangles of the reference mesh 
MR that are intersected by a ray that pass through the 
vertex and has the direction of the vertex’s normal.  The 
volume element is the product of the triangle area by the 
average of the distances of the vertices to the mesh of 
reference.  

       
( , ) A dist( , ),

I

I R T R
t M
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and 
dist( , ) min dist( , ).

RR t Mv M v t  

To compute this indicator, it is proposed to find the 
nearest triangle in MR which is intersected by a ray that 
moves through the direction of the normal of . The 
normal at  is calculated as the average incident trian-
gles normals. The search algorithm used is a variant of 
ray-shooting, where the rays are segments with origin in 
-n and destination +n; where 0, and n is the 
normal of v and v,nMI. This scheme is used for eva-
luate only elements at a certain distance range in order 
to reduce search cost. The value of α should be consi-
dered at least as the maximum displacement of all ver-
tices with respect to its original position.  

This indicator has a minimum when each  falls in-
side a triangle of MR. A simple way to reduce this indi-
cator is projecting MI onto MR, replacing the original 
position that was obtained in the calculation of the inter-
section. Figure 4 shows a case in 2D. 

The algorithm computational cost is still too high, 
O(rt) where r and t represent the amount of rays and 
triangles involved respectively. Its efficiency can be 
substantially improved sorting triangles in an early stage 
and using a parallelization strategy, as it’s shown in the 
next section.  

It can be inferred from Fig. 4 that the criterion is not 
symmetric (it is not the same to project MI on MR than 
MR on MI) due to different resolutions. So to actually 
calculate the volume difference another method should 
be applied, like average (Eq. 4).  

( , ) ( , )

2

I R R I

TOTAL

DV M M DV M M
DV


  (4) 

This proposal to reduce the indicator is simple but 
not assures the complete volume error reduction be-
tween two surfaces, because the volume discretization 
could be not fine enough. To improve the quality of the 
estimator, other points besides the vertexes should be 
considered. The analysis of this case will promote 
another publication. 

A.  Implementing the method on GPU 
In practice, 3D meshes could have thousands of ele-
ments, so to solve this algorithm with that amount of 
information; it is required some strategy that improves 
efficiency. In this paper we propose to implement the 
ray-shooting algorithm on GPUs, as also described in 
(Ortega Alvarado and Robles Ortega, 2006), but now 
combined with a 3D division of space through regular 
cells. Each cell contains references to the triangles that 
fall within them, either partially or completely. The key 
point about this classification structure is that time to 
access elements is constant, and it can suitably be 
mapped onto GPU memory.  

The amount of cells C to be used can be chosen as 

 # triangles RC M . Using this classification, the ray 

is first compared with the cells and if there’s an inter-
section, it’s evaluated with the elements that it contains. 
The theoretical processing time is O(max(rt’C)), 
where t' is the average number of elements that fall in 
one cell. 

This classification scheme leads to a dramatic reduc-
tion in the number of computed intersections, as the ray 
is only checked with a reduced set of elements. On the 
other hand, it is known that this structure is inadequate 
 

 
Figure 4: (up). Calculation of displacements, (below).New 
position of the vertexes on the surface of MR  
when the size of elements, and therefore its density, 
varies in different regions of the mesh. For the cases 
studied, the proposed structure was enough.  
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At the beginning of the optimization a one-time cells 
classification is performed on the elements of the refer-
ence mesh MR. Then, at certain number of changes of 
the optimized mesh MI, we compute the intersections 
and DV is got, as proposed in the previous section. Fi-
nally, the projection is done, vertexes of MI are updated, 
elements resorted, and the mesh optimization process 
continues. 

B. Performance Results 
For evaluating the algorithm for volume reduction, there 
were 3 different implementations working on the same 
mesh and sorting grids structures: a serial, a parallel for 
a 4-core processor and a GPU implementation running 
on a Nvidia GTX260 graphics card. Obtained times are 
shown in Fig. 5. For the test, it was used an initial mesh 
of 500 triangles, and a reference mesh of 7,000 classi-
fied triangles, affecting the first one to a constant re-
densification until a given size criterion is reached. 

The results were as expected, with GPU spending 
barely over 13 ms for the computation of the intersec-
tions on a 25,000 triangles mesh. In comparison to the 
parallel implementation in CPU, GPU shows a speed-up 
of up to 40 times. It was also noted that the time re-
quired to update the structure are much below the time 
of calculation. Both results show conclusively the feasi-
bility and usefulness of the strategy. 

V. PROCESS APPLICATION EXAMPLES 
Simple geometries, such as spheres, were used to visual-
ly validate the obtained solution by the proposed algo-
rithm. After it, the algorithm was tested with a set of 
meshes, defining a constant h function with an overall 
increase of 25% in the averaged size of the original 
elements. 

The volume difference was computed using the me-
thod proposed in Del Fresno et al. (2007). Quality is 
shown as a color map (red poor, green medium and blue 
high quality respectively). 

Appling the algorithm to a sphere generated by an 
algorithm that models Polar Regions with high concen-  

 
Figure 5: Comparison of the 3-time implementations of the 
method of reduction of the difference in volume  

 
Figure 6. Meshes with the distribution of quality with seudo-
color (left) original mesh (right) mesh obtained by Algorithm 

 
Figure 7. (left) artery mesh with 55,000 triangles and average 
quality of 0.88. (right) simplified version with 31,100 triangles 
and average quality equal to 0.96.  

Figure 8. (left) Model polygonal 7,000 triangles. (right) opti-
mized version of 6,000 triangles 

 
Figure 9: (left) section of the original gear mesh (right) Sec-
tion of optimized gear mesh. Note how the regular structure of 
the original mesh is lost 

trations of low-quality elements resulted in a mes where 
conflict vertexes were removed and with elements of 
good quality (about 0.91). After it, it was modified an 
artery mesh previously processed with commercial 
software with very good initial quality. Modifying the 
desired size of the elements, increased by 40%, a mesh 
of similar quality is obtained, with far fewer elements. 
Figure 7 shows the results after 20 iterations. 

In the second set of tests, meshes defined by a large 
number of elements irregularly distributed were used 
(see Fig. 8 and Fig. 10). The resulting meshes not only 
preserve the main features, but also correct errors (see 
Fig.11) and become unstructured meshes (see Fig. 9 and 
Fig. 11). 
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Table 1: Algorithm times of the optimization process with 
GPU & CPU implementations of Volume Difference 

 
#Elements 

MR 
Variation 

(%) 
CPU 
(s) 

CPU+GPU 
(s) 

Speedup 
GPU 

Dino 47,900 -15 58 9 6.36
Bunny 69,451 -11 59 8.8 6.70
Artery 55,138 -36 152 14.6 10.45
Horse 96,966 -22 148 17.7 8.35
Sphere 41,208 -27 24 4.2 5.82
Gear 7,844 -13 2.8 1.8 1.53

Table 2: Quality improvement obtained with the method 
 Quality 

(MR) 
Quality 

(MI) 
Quality Im-

rovement (%) 
Volumetric 
Error (%) 

Dino 0.856 0.930 109 0.42 
Bunny 0.764 0.904 118 0.16 
Artery 0.887 0.961 108 0.53 
Horse 0.760 0.913 120 0.20 
Sphere 0.603 0.939 156 0.06 
Gear 0.709 0.843 119 1.41 

Figure 10. (left) horse mesh with 96,000 triangles and average 
quality of 0.76 (right) optimized version with 71,000 triangles 
and average quality of 0.91. 

 
Figure 11: (left) section of the original horse mesh (right) 
Section of optimized horse mesh. Flat elements are removed 

Finally, Table 1 summarized the time required to ob-
tain each mesh shown, working with a constant h func-
tion that implies a reduction in the number of elements 
(see the second column in the table 1). The process was 
run on a PC Quad Core 2 GHz with 4GB of RAM. 

In Table 2 we resume the quality obtained with the 
application of the proposed method. 

In the evaluated cases we note that when the original 
element size distribution was very irregular, as in Figure 
8, the volume loss was higher. For this type of mesh it is 
necessary to have a proper size function according to 
each position in space. 

VI. CONCLUSIONS 
In this paper we have proposed an alternative approach 
for generating surface meshes by localized changes of 
topology and projection to the original mesh. From irre-
gular meshes there were obtained other ones with higher 
quality and little loss of volume, even after increasing or 
reducing the number of triangles of the surface. 

The proposed algorithm proves to be robust in com-
plex cases, and the implementation in GPU reduced 
drastically the calculation time, allowing to solve rela-
tively complex meshes (100,000 elements) in seconds. 
The resulting meshes are suitable for finite element cal-
culation. 

We consider the proposed criterion for evaluating 
the volume difference very important because it reduces 
effectively the distance between meshes after they were 
modified. Even though the implementation does not 
provide the ideal solution for what we estimate to con-
tinue working in this direction. 

The use of the GPU as part of the process has shown 
significant improvements in terms of execution times, 
so it is intended to use it in other operations such as cal-
culation of Laplacian, selecting elements to delete or 
split, or in the swap of edges 
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