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Abstract This work presents a methodology for 
control structure design based on the Singular Value 
Decomposition (SVD) of the Hankel matrix, con-
structed from the observability and controllability 
matrices. A weight index is proposed as a measure of 
the impact of each input and output variable and, 
based on it, an input-output pairing selection is per-
formed. The methodology is validated using the 
Tennessee Eastman process and the result is com-
pared to the relative gain method in frequency. 

Keywords Control structure design, SVD, 
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I. INTRODUCTION 
The growing demand for optimal operation and effec-
tive use of energy and raw materials in chemical pro-
cesses has generated a need to design processes with 
tighter integration. Materials recycle as well as energy 
exchange between the different process streams, modify 
the dynamic behavior of the process and make it more 
difficult to control. Until now, the vast majority of con-
trol studies have focused in controller design and little 
attention has been paid to control structures. The rela-
tionship between controlled, measured and manipulated 
variables and how to link these variables to form control 
loops in plants are problems that, in practice, are solved 
heuristically, because there is not enough solid theory. 
The main existing methods for control structure design 
are based in relative gains (Bristol, 1966) and singular 
value analysis (Skogestad and Postlethwaite, 1996). 
Although these methods are well grounded, the process 
system representation used does not take completely in-
to account the dynamic behavior of the process. So, ex-
isting methods could indicate less appropriate control 
structures. 

The objective of this work is to present the devel-
opment of a methodology for control loop configura-
tion, based on a singular value analysis of the Hankel 
matrix. In discrete time, that matrix represents the input-
output behavior of the process and implicitly contains 
the dynamics, which makes it a very generic representa-
tion. The methodology is validated in the partially con-
trolled Tennessee Eastman process (Larsson et al., 
2001) in two levels: external and internal loops. At the 
external level the objective is to build master control 
loops with variables with strong interaction, and at the 
internal level local or slave control loops which are heu-
ristically trivial. 

In Section II, the existing tools for control structure 
design are presented and later, in Section III, the new 
methodology based on the Hankel matrix is proposed. 
Section IV describes the system used for methodology 
validation and in Section V the results of the validation 
are shown. Finally, Section VI shows the conclusions. 

II. METHODS FOR CONTROL STRUCTURE 
DESIGN 

This section discusses some existing methods for the 
control structure design (CSD). 

A. Relative Gains 
The method was originally proposed by Bristol (1966) 
and determines which variables are most convenient for 
pairing control loops in the process. Relative Gain Ar-
ray (RGA) gives a measure of the interaction for each 
possible pairing. The original formulation uses the 
transfer function matrix of the process, evaluated at 
steady state, ignoring the dynamic behavior. In order to 
correct this and other limitations, several extensions 
have been proposed: RGA at Crossover frequency 
(Grosdidier et al., 1985), Relative gains for integrating 
processes (Arkun and Downs, 1990), RGA for non-
square plants (Cao, 1995), RGA with operating fre-
quency optimization (McAvoy et al., 2003), RGA inte-
grating gains from zero to the frequency bandwidth 
(Xiong et al., 2005). 

B. Singular Value Decomposition 
SVD is a matrix factorization that allows the determina-
tion of the singular values of any matrix. Consider the 
complex matrix G, it can be decomposed as G = UVT. 
The diagonal matrix  contains the singular values σi 
ordered from largest to smallest, and two matrices U y 
V that are orthonormal. In practical terms, when a pro-
cess system is represented by G, it can be said that each 
singular value σi represents a mode i of operating the 
process and, according to this, the largest singular val-
ues indicate the most “energetic” modes. The vectors Ui 
of U and Vi of V represent the direction of each mode i. 
In that way the Vi indicate the direction of the process 
inputs and the Ui indicate de direction of the process 
outputs. This interpretation has generated the different 
CSD methods that use SVD as a tool. The CSD criteria 
are based in the maximum singular value, the condition 
number and the singular vectors: 
- Maximum singular values: In general, it is desirable 
that the maximum singular value be small. In Havre et 



Latin American Applied Research  42:245-250(2012) 
 

 246 

al. (1996) and Skogestad and Postlethwaite (1996) this 
index is used as a criterion for selecting secondary 
measurements, a SVD analysis of the transfer functions 
that relate the output error with the disturbance and the 
uncertainty is carried on. The idea is to maintain this 
value small for all the frequency range of interest. 
- Minimum singular value: Morari (1983) argues that 
this value should be big in order for a plant to have a 
good tracking and regulation performance, in case of 
limitations in the magnitude of inputs. According to 
Skogestad and Postlethwaite (1996), by maintaining this 
value big, independent control of the variables can be 
guaranteed. 
- Condition number (CN): This index is the ratio be-
tween the maximum and minimum singular value. The 
higher this value, the more difficult is the process con-
trol. A very high CN indicates that the plant tends to op-
erate at certain modes and thus, the other modes would 
be difficult to attain. For this reason, a set of inputs and 
outputs that give a system with a small CN should be 
selected. Reeves (1991) proposed a method to reduce 
the number of candidate outputs and inputs. By calculat-
ing CN at crossover frequency some variables are elim-
inated gradually. 
- Singular vectors: The methods based on the singular 
vectors Ui y Vi (Moore et al., 1987; Cao and Biss, 1996) 
try to weigh the effects of inputs and outputs to select 
input-output sets where control loops can be formed. 

In brief, the methods here described are based on in-
teraction and directionality. A possible drawback is the 
process representation, notice that these methods take 
the transfer function matrix G evaluated at steady state 
(G(0)) or at some relevant frequency, for example, the 
crossover frequency G(jωC). For the steady state case, it 
is equivalent to suppose that the system always operates 
at steady state, disregarding system dynamics. When G 
is evaluated at a certain frequency, the process dynam-
ics are “wrapped” at that frequency ignoring all other 
dynamics. The method proposed in this work aims to 
improve this point by using a discrete time domain rep-
resentation of the system: the Hankel matrix. 

III. SVD OF THE HANKEL MATRIX 
The methodology presented here uses a system repre-
sentation known as the Hankel matrix. From its singular 
value decomposition, a dynamical weighting of the ef-
fects of each input and output of the process is pro-
posed. Using a selection criterion, input-output variable 
pairings for control loops are indicated. 

A. Dynamic weighting of inputs and outputs 
Consider a nth-order system, with the following discrete 
state space representation: 

 
)()(

)()()1(

kxky

kukxkx

C

BA


 , (1) 

It is possible to determine the input-state and state-
output relations. The observability matrix represents the 
relation between the initial state x(0) and the output 
measurement sequence y(0), y(1),… y(n-1): 
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The controllability matrix represents the relation be-
tween the current state x(n) and a past sequence of in-
puts u(n-1)…u(1), u(0): 
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Evaluating the Eq. 2 for the state in the nth instant and 
replacing in the Eq. 3 an input-output expression is ob-
tained: 
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where H is Hankel matrix of the system and K is a con-
stant: 
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Note that matrix H represents the input-output behavior 
of the system in dynamical terms, as it relates a se-
quence of inputs before the nth instant with a sequence 
of outputs after the nth instant. A SVD of H gives infor-
mation about the dynamic impact of each variable in the 
system. In order to visualize the impact, a generic sys-
tem with n=2 states, nu=3 inputs and ny=3 outputs was 
considered: 
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Assuming that the system can be represented with the 
first singular value: 
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where Uii are the components of vector U, Vii the com-
ponents of vector V and σi the singular values. Then, an 
output vector is obtained, expressed in terms of the 
components of the SVD matrices of H and the input se-
quence: 
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From the eq. 7: 
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where 
iy  and 

ju  measure the dynamic effect of the 

output i and input j respectively. Thus, in general terms, 
for a system with n states, nu inputs and ny outputs, if m 
singular values are taken, the impact on the output i and 
the impact of the input j are: 

, (9)

 

B. Input-output pair selection criterion 
Based on a singular value decomposition of G at steady 
state, Moore et al. (1987) proposed a selection of those 
inputs and outputs corresponding to the highest absolute 
values in the singular vector.  The candidate variable set 
was intended to pair control loops. The method of Kel-
ler and Bonvin (1987) consists on selecting the set of 
inputs with the “strongest and most orthogonal effect” 
on the controlled outputs, this is quantified with the 
largest singular values and their corresponding singular 
vectors on matrix B from the state space plant descrip-
tion. Cao and Biss (1996) proposed a calculation of the 
“effectiveness” of each input using a SVD of G evaluat-
ed at the crossover frequency and with it, select the best 
set of inputs for process control. 

This paper proposes the use of the weights in Eq. 9 
to pair the inputs that have the largest impact with the 
most impacted outputs. These are the variables whose 
weights are the largest. When the control loop is select-
ed, a new model is calculated for the system composed 
by the remaining variables (Eq. 1) and the process is re-
peated until all loops are closed. Figure 1 shows a 
schematic representation of the method. 

IV. EXAMPLE: TENNESSEE EASTMAN 
PROCESS (TE) 

Downs and Vogel (1993) published a model for an in-
dustrial chemical process from the Eastman Chemical 
Company, the model is now known as the Tennessee 
Eastman Process (TE). The purpose of the authors was 
to supply a benchmark problem to develop and evaluate 
different process control technologies. Figure 2 shows a 
simplified diagram of the TE process. This is composed 
of five operating units: reactor, condenser, liquid-vapor 
separator, recycle compressor and stripper column. The 
reactor is a two phase CSTR in which the products G 
and H are produced from reactants A, C, D and E. The 
process has 12 actuators and 41 measurements for con-
trol and monitoring. 22 of them are continuous while 19 
are discrete. The operating point is defined as the mass 
relation between G and H in the product stream. Ricker 
(1995) identified the optimal steady state conditions for 
each of the operation modes. This article uses the 50/50 
optimized mode. The measured and manipulated varia-
ble listing is omitted here, but can be found in Downs 
and Vogel (1993) or in Ricker (1995). 

 
Figure 1. Schematic representation of the Hankel SVD 
methodology 

 
Figure 2. Tennessee Eastman Process Diagram 

The methodology developed in this paper is not in-
tended for unstable systems. As the TE process is open 
loop unstable, the process was stabilized with some con-
trol loops. So, the methodology was applied to the plant 
partially controlled. For this purpose an existent control 
structure was selected (Larsson et al., 2001). Some con-
trol loops were removed and the model was calculated 
for two different systems SI and SII, each one corre-
sponds to a different hierarchical level. Both systems 
can be seen in Fig. 3. System SI contains variables of an 
external level, where dynamics have large interactions.  
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Figure 3. Systems SI and SII defined over the control structure 
from Larsson et al. (2001) 

Table 1. Output and Input variables for systems SI and SII 

 Outputs Inputs 
SI y1:  Recycle flow 

(m3/h) 
y2:  %C in purge 
(%mol) 
y3:  Product flow 
(m3/h) 
y4:  Reactor pressure 
(KPa) 
y5:  Reactor tempera-
ture (°C) 

u1:  A flow/total feed flow 
ratio (m3/h) 
u2:  C flow/total feed flow 
ratio (m3/h) 
u3:  Total feed flow (*) 
u4:  Purge flow/total feed 
flow ratio (m3/h) 
u5:  Reactor cooling valve 
(%) 

SII y1:  D flow (kg/h) 
y2:  E flow (kg/h) 
y3:  A flow (m3/h) 
y4:  C flow (m3/h) 
y5:  Purge flow (m3/h) 

u1:  D valve (%) 
u2:  E valve (%) 
u3:  A valve (%) 
u4:  C valve (%) 
u5:  Purge valve (%) 

(*) adimensional. 

Table 2. Maximum and minimum values for each input and 
output variables 

 SI system 
 u1 u2 u3 u4 u5

umax 0.0102 0.140 105 0.0095 100 
umin 0 0.08 95 0 0 
 y1 y2 y3 y4 y5

ymax 44 30 31 3000 125 
ymin 20 2 15 2100 120 

 SII system 
 u1 u2 u3 u4 u5

umax 100 100 100 100 100 
umin 0 0 0 0 0 
 y1 y2 y3 y4 y5

ymax 5811 8354 1.017 15.25 0.38 
ymin 0 0 0 0 0 

System SII contains variables of an internal level, 
where dynamics have small interactions and operate 
with a small time scale in comparison to the external 
level. Table 1 presents the variables for each system. 

Both SI and SII systems are stable when process is 
partially controlled. %G in product was not included in 
SI because that loop generates a more complex control 
structure that includes feedforward control and this uses 
another variable to control two variables. 

Simulations were developed in Matlab 7.0. The TE 
process model used was implemented as a compiled S-
function based in C code and the simulation environ-
ment used was Simulink. The plant model is continuous 
and the PID controllers are discrete. Before lineariza-
tion, the equilibrium points were found numerically for 
each system. The TE plant in open loop has fifty con-
tinuous states and each discrete PID controller adds 2 
states, in this case, discrete states. Because of this, the 
linear model of the plant was obtained using the small 
disturbance method and bilinear discretization. So a 
state space discrete model (Eq. 1) is calculated. For sys-
tem SI a sample time of one hour was selected, this is 
the 1/20th of the fastest dynamic of the plant: tempera-
ture y5. Taking into account all states, continuous and 
discrete, system SI is of 74th order and system SII of 
66th order. In order to validate the discrete models ob-
tained, discrete linear models were compared with the 
original partially controlled plant models. By observing 
the response to a 3% step on all inputs, similar respons-
es were found. 

The input and output variables were normalized by 
defining them as the ratio between the variable and its 
variation interval, defined as the difference between the 
maximum and minimum values of the variable. This 
means that each element of matrix B should be divided 
by the input interval of that element and each element of 
matrix C by the output interval of each element. Maxi-
mum and minimum values for manipulated variables 
were taken from (Downs and Vogel, 1993). Maximum 
and minimum values for output variables were based on 
the desired process performance in agreement with the 
maximum and minimum expected variable values. The-
se values are presented in Table 2. 

V. RESULTS AND DISCUSSION 
For both systems, the first five singular values of the 
Hankel matrix were taken, representing 99% of the 
“matrix energy” for SII and 95.53% for SI. The dynam-
ic weights from the Hankel matrix SVD were calculated 
for SI and SII and are presented in Tables 3 and 4. 

Table 3. Dynamic weights αyi - αuj in SI (External loops) 
 i, j = 1 i, j = 2 i, j = 3 i, j = 4 i, j = 5 
αyi 2.7499 11.8423 3.1771 0.8584 84.177 
αuj 8.6374 8.0388 3.6396 12.2865 83.309 
αyi 1.5645 3.7738 0.6530 1.1112 - 
αuj 2.0609 2.6271 0.7307 2.5739 - 
αyi 1.3826 - 1.0632 1.3962 - 
αuj 1.3105 - 0.88879 1.6287 - 
αyi 1.6977 - 0.9401 - - 
αuj 1.6232 - 1.2063 - - 
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Table 4. Dynamic weights αyi - αuj in SII (Internal loops) 

 i, j = 1 i, j = 2 i, j = 3 i, j = 4 i, j = 5 
αyi 0.92942 0.95083 0.93223 0.67721 12.074 
αuj 3.8879 3.6858 1.3202 7.3833 7.9889 
αyi 1 1.4142 0.99959 0.99991 - 
αuj 1 1.4142 0.99959 0.99991 - 
αyi 1.4142 - 1.4139 0.99991 - 
αuj 1.4142 - 1.4139 0.99991 - 
αyi - - 1.7318 1.4142 - 
αuj - - 1.7318 1.4142 - 

In SI the candidate variable set is composed by five 
inputs and five outputs. Notice that the most impacted 
output is y5 the reactor temperature, and the input with 
the strongest impact is u5, the opening of the reactor 
cooling valve. An y5 - u5 loop is paired. So, a new set 
with four inputs and four outputs remains and the 
Hankel matrix is again calculated. Here the most im-
pacted output is y2 (%C in purge) and the most impact-
ing input is u2 (C feed flow set point). A pairing with y2 
- u2 is formed and a 3x3 system remains.  

According to the impact indicated by the weights, a 
loop with y4 - u4 is paired, it suggests controlling the re-
actor pressure using purge flow set-point. With this loop 
closed, only two inputs and two outputs remain (y1, y3) 
and (u1, u3). For this subsystem y1 (recycle flow) is the 
most impacted output and u1 (A feed set-point) is the 
most impacting input. Thus y1 - u1 are paired. Finally y3 
and u3 pair the last control loop, it means to control the 
production rate using the total feed flow as manipulated 
variable. 

In SII, we deal with flow loops, whose pairing is 
heuristically trivial. Notice that in this case the most im-
pacted output is y5 and its weight is by far bigger than 
all of the output variables, which indicates that it is the 
most linked to the others and therefore the most impact-
ed. The input with the strongest impact at this inner set 
is the purge flow valve u5, so the loop y5 - u5 is paired. 
By eliminating these variables, the next candidate varia-
bles are all the feed flows, where heuristically is known 
that there is no interaction. In Table 4 it can be seen that 
for each flow-valve pair, the impact values are equal, 
which indicates that there is no interaction between the 
pairings. The other loops y2 - u2, y1 - u1, y3 - u3, and y4 - 
u4 were paired. 

In order to compare the results presented here with a 
traditional method, the relative gain method was applied 
to the same systems SI and SII. The steady state gain 
matrix Λ is: 

ΛSI(0)=






























81.005.020.021.013.0

09.047.100.015.023.0

09.001.009.101.001.0

01.017.001.035.050.0

3768.068.011.060.059.0

,    ΛSII (0)=I5 

For system SII, the relative gain array in steady-state is 
the identity matrix, so this method suggests the same 
pairings as the methodology presented here. However, 
in SI, the RGA method suggests pairing y1 with u2 and 
y2 with u1.  
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Figure 4. Relative Gain and distance from 1+0i in the full 
frequency range for y2 - u2 pair in SI 

 Now, to evaluate the results of the method extended 
to frequency analysis, which generates complex num-
bers, the real part of the relative gains and the distance 
from the desired complex value to 1+0i were plotted 
versus a frequency range. In Fig. 4, it is shown that, ac-
cording to the relative gain method, pairing y2 with u2 is 
not convenient as the relative gain value deviates from 
desired complex value of 1+0i as frequency increases. 
However, Larsson et al. (2001) show that this configu-
ration works and performs well and it is the same as in-
dicated by the methodology here presented. 

VI. CONCLUSIONS 
The methodology presented in this paper is useful for 
designing feedback control structures with single loops. 
The main contribution of this method is an improvement 
compared with the relative gain and SVD based meth-
ods. In this case, the system representation captures the 
dynamic behavior of the process in the Hankel matrix, 
which is used for all the analysis. An index was pro-
posed in order to measure the dynamic impact of the in-
put and output variables and from this, a loop selection 
rule was formulated. When the methodology is applied 
to two subsystems defined in the TE partially controlled 
process, the results suggest a pairing already tested in 
simulation (Larsson et al., 2001). The method is also 
easy to understand and of direct use. 

For system SII, composed by internal loops, pairings 
suggestion does not change when strongest loops are 
paired. This indicates that the pairing rule tends to work 
better when there is no interaction. It is also important 
to point out that the results vary significantly with pro-
cess specifications, the minimum and maximum varia-
ble values, which are defined from heuristic process 
knowledge.  

Finally, the method also has some limitations. First, 
it is restricted to stable systems. In order to extend the 
method to unstable systems, a stability analysis for each 
possible pairing should be included. Second, the sys-
tems defined to pair control loops must have dynamics 
at the same time scale. As the Hankel matrix represents 
the process dynamics directly, a system with dynamics 
at very different time scales would generate a Hankel 
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matrix with poor information about the process, which 
would lead to wrong pairings. 
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